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Abstract
There are two main approaches to engage people in mathematics.
The first is through puzzles, problems, games, and tricks. The other
is through stories, surveys, and histories. The first is narrow but
deep, the second broad but shallow. This is reminiscent of Freeman
Dyson’s division of research mathematicians into “birds” and “frogs”.
The first part of this paper discusses these two complementary
approaches, with a focus on moments where they work well together:
where an individual puzzle plays a starring role in a bigger story.
In the second part, we look at one such case: a combinatorial
puzzle which, via the unexpected appearance of some extremely
large numbers, provide an accessible entry point into deep areas
of mathematical logic. The technical content in section 3 onwards
discusses work of Harvey Friedman, and largely follows [5].

Birds & Frogs, Puzzles & Stories
Today’s mathematics, we all know, is a huge subject. This hugeness manifests in at least
two dimensions: breadth and depth. Any mathematical journey, whether a diversion lasting
just a few minutes, or a lifelong voyage of exploratory research, will cover different distances
along these two dimensions. Likewise any mathematical activity (whether research, teaching,
or public engagement) must strike its own balance.
In the context of mathematical research, the contrasting approaches taken by different
mathematicians has been written about several times. In [2] Freeman Dyson contrasts
mathematical ‘birds’ with mathematical ‘frogs’. The whole essay is recommended reading,
but I will quote the opening section:

Some mathematicians are birds, others are frogs. Birds fly high in the air
and survey broad vistas of mathematics out to the far horizon. They delight
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in concepts that unify our thinking and bring together diverse problems from
different parts of the landscape. Frogs live in the mud below and see only the
flowers that grow nearby. They delight in the details of particular objects, and
they solve problems one at a time. . . It is stupid to claim that birds are better
than frogs because they see farther, or that frogs are better than birds because
they see deeper. The world of mathematics is both broad and deep, and we
need birds and frogs working together to explore it.

Another very readable exploration of a similar theme is [8] where Timothy Gowers discussess
‘the two cultures of mathematics’ dividing mathematical researchers into ‘theory builders’
and ‘problem solvers’:

If you are unsure to which class you belong, then consider the following two
statements.

• The point of solving problems is to understand mathematics better.
• The point of understanding mathematics is to become better able to solve

problems
. . . when I say that mathematicians can be classified into theory-builders and
problem-solvers, I am talking about their priorities, rather than making the
ridiculous claim that they are exclusively devoted to only one sort of mathema-
tical activity.

We might take Alexander Grothendieck as the archetypal theory builder and Paul Erdős
as the quintessential probelm solver (though to reinforce Gowers’ caveat, Grothendieck
also solved problems while Erdős also developed theory).

In any event, the current article does not concern mathematical research but rather different
forms of public engagement with mathematics. Here too, questions of breadth versus depth
arise.

Very roughly, certain forms of mathematical engagement require the participant to actively
do something: to solve a problem, to win a game, to answer a question. I will somewhat
inaccurately use the word “puzzle’ for all activities of this kind4.

Others are more passive, with the participant’s involvement limited to reading, listening, or
watching. Often, though not always, engagement of this form can embrace greater breadth
than is possible via puzzles. In such cases, I will again inaccurately use the term “story”
to describe the activity: elements that may feature include history, biography, scientific
survey, discussions of applications.

Thus we can divide instances of mathematical engagement into ‘puzzle-setting’ and ‘story-
telling’. Needless to say this is a simplification, and perhaps a caricature, but I hope one
containing enough truth to be useful basis for further discussion.

Mathematics it is often said is something one gets better at by doing, and as such it might
be argued that puzzle-setting is the superior form. I think this is correct, in that if we had
to choose only one form of mathematical engagement to pursue, then puzzles would indeed

4I wondered whether “problem” or “question” might be better terms, as these reflect the terminology
used in competitions, coursework, and exams. However “problem” has an unfortunate second
meaning of difficulty or obstacle, and “question” is vaguer still. So I have settled on “puzzle”
although this suggests a level of informality which is not always intended.
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be the better choice. Happily we are not forced into such a choice, and as someone who
specialises in story-telling I hope it is not too controversial to claim that this also has its
place.

Indeed, breadth of exploration is exactly what story-telling offers. A certain type puzzle may
stimulate thought and help the participant develop skills, but it requires an accompanying
story to explain whether, how, and where its ideas fits into the broader mathematical
landscape, and where the skills acquired might profitably be applied.

If people get better at mathematics by doing it, it is also true that they will only do it, at
least in a sustainable way, if they are motivated and interested to do so. Story-telling can
build and reinforce that interest.

Flying frogs
There are some puzzles which are striking for the role they play within a bigger story. Let
us give some examples. These are all classic puzzles, thoroughly recounted in many other
places, so I will withhold details.

1. The Bridges of Königsberg plays an important role in the story of the birth of graph
theory, especially vertex-degrees and Eulerian circuits.

2. The Dinner Party Problem (to determine how many guests are needed to guarantee
three mutual friends or three mutual strangers at a gathering under the assumption
that every pair of people are either friends or strangers) is the first step in the
development of Ramsey theory.

3. Three Utilities Puzzle, to determine whether three vertices (the utilities) can be
connected to three others (houses) with none of the connections crossing was written
about by Henry Dudeney in 1917 ([1]), who observed that it is “as old as the
hills...much older than electric lighting, or even gas”. The graph described in this
puzzle is K3,3 which plays a central role in the theory of planar graphs (via, for
example, Kuratowski’s theorem). In turn, the theory of planar graphs is the first
chapter in the tale of topological graph theory, and a much longer story about
forbidden minor families of graphs.

4. Many simple puzzles ask whether a certain map can be coloured using a specified
number of colours (under the condition that neighbouring territories may not have
the same colour). Such a puzzle naturally invites generalisation, opening the door
to discussion of the four colour theorem, a milestone result not only in discrete
geometry, but in the history of mathematics being the first proof which made such
substantial use of computational technology that the resulting proof was too large for
any individual human to digest unaided. This story, of course, continues to develop
and at time of writing is very topical in the fast-moving context of AI and proof
formalisation.

5. The puzzle of the blue-eyed islanders (it has many isomorphic variants, such as
muddy children, cheating wives, cheating husbands, messy eaters, and so on) is an
excellent introduction to the theory of common knowledge, as discussed for example
in [11], an important topic in game theory, with highlights including Aumann’s
agreement theorem.
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A blocky puzzle
In examples 1-5 above, the puzzle plays such a central role in the story that to omit it
might even be said to be remiss. (Of course this depends on the story; in example 1, one
can tell a perfectly good story about graph theory without mentioning Königsberg, but if
the story is the origin of that subject then the point stands.) The author would welcome
other examples where puzzles play such central roles in bigger stories.

More numerous, however, are cases where a puzzle is a good, though not indispensable,
door to a larger story. For instance, the Rubik’s cube is an excellent illustration of certain
topics from group theory, though far from an essential prop. Likewise I have used the
adjacency matrix of a network and invited students to compute and manipulate a few
examples, as a way to introduce elements of linear algebra, but achieve a similar effect in
other ways.

For the remainder of this paper we will introduce a puzzle of this kind, a convenient and
engaging, but nevertheless optional, door to a much bigger story. I argue that this has
particular value, as the field being approached is otherwise highly technical and difficult
to access, although its underlying ideas are (I would claim) intuitive. The field in ques-
tion is that of reverse mathematics, as invented by Harvey Friedman and developed by
Stephen Simpson in [13], a technical area of mathematical logic closely related to proof
theory. I will develop this story further, but let us first introduce the puzzle, devised by
Friedman, whose work this discussion is taken from (any errors are mine). See principally [5].

The blocky puzzle
The set-up. Consider finite strings from a two-letter alphabet, for example BAABBBA.
We index the positions starting at 1, so write the above as x1x2x3x4x5x6x7 where x1 = B
and x2 = A and so on.

A block within such a string is a substring running from some index to its double (inclusive):
x1x2, or x2x3x4, or more generally xixi+1 . . . x2i. For the string BAABBBA we get just
three blocks: BA, AAB, ABBB. Strings of length ≥ 8 will have more blocks.

We are interested in the phenomenon of a smaller block s being a substring of a larger one
t, written s ≤ t, meaning that s can be obtained from t by deleting elements. Crucially,
reordering is not allowed. So AB ≤ BAB (deleting the first element) and AA ≤ ABBA
(deleting the second and third elements). However AB ̸≤ BBAA.

The problem. The above example BAABBBA has the property that no block is a
substring of any other. Call such a string blocky. What is the longest possible blocky
string?

Extension. This puzzle, as we shall see shortly, is perfectly soluble with a little trial and
error, and on its own does not open the door to the wider story. Now change the size of
the alphabet, keeping other details the same. What is the longest blocky string with just
one symbol (A)? What if we extend the alphabet to three symbols (A, B, C), or four, or
to general K ∈ N?
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Solutions and proof for K = 1, 2
For the single-letter alphabet, it is easy to see that the longest blocky string is AAA as
any longer string will have b1 ≤ b2.

For the original two-symbol alphabet, the longest blocky string has length 11. There are
four such winners, one being

ABBBAAAAAAA

and the others derived from this by exchanging the roles of A and B and/or flipping the
final element.

The following proof follows [5] although the presentation is different. It not essential to the
subsequent discussion and the reader may choose to skip it (or recreate it independently).

Proof. We use bi to refer to the ith block, xi . . . x2i. We take x1, x2, . . . step by step aiming
to generate blocky strings of maximal length.

Step 1. Without loss of generality, we assume x1 = A.

Step 2. First consider strings s = AAx3x4 . . .. We will show that starting this way we
can grow blocky strings of length 7 and no more.

We have b1 = AA and b2 = Ax3x4, since b1 ̸≤ b2 we must have x3 = x4 = B.

Thus s = AABBx5x6 . . . and b1 = AA, and b2 = ABB, and b3 = BBx5x6. Since b1 ̸≤ b3,
we cannot have x5x6 = AA, but the other three possibilities are all legally possible:
x5x6 = AB, BA, BB. With each of these we can append any x7 without creating any new
blocks, creating six blocky strings of length 7 beginning AA:

s1 = AABBABA, s2 = AABBABB, s3 = AABBBAA, s4 = AABBBAB, s5 =
AABBBBA, and s6 = AABBBBB.

In all six cases, we shall show no x8 can be appended. In s3, appending any x8 causes b1 =
AA ≤ b4 = BBAAx8. For s6, appending any x8 causes b3 = BBBB ≤ b4 = BBBBx8.

For s1, s2, s4, s5 we consider the two possibilities for x8 in turn. First, if x8 = A, then in
all cases s1, s2, s4, s5 this causes b1 = AA ≤ b4.

Now consider appending x8 = B to s1, s2, s4, s5. In cases s1, s2, s4, this causes b2 = ABB ≤
b4. For s5, it causes b3 = BBBB ≤ b4 = BBBAB.

Thus for blocky strings of length ≥ 8, we must take x2 = B.

Step 3. We are looking at strings of the form s = ABx3x4 . . .. If x3 = A then we must
also have x4 = A as b1 ̸≤ b2, and iteratively since b1 ̸≤ bi we must have xi = A for all i ≥ 3.
This again generates blocky strings as far as 7 (namely ABAAAAA), but no further as
b3 = AAAA ≤ b4 = AAAAA.

So we are reduced to strings of the form s = ABBx4x5x6 . . ..

Step 4. If x4 = A, then s = ABBAx5x6 . . . where b1 = AB and b4 = Ax5x6x7x8 forcing
x5 = x6 = x7 = x8 = A. Extending by one unit creates no new blocks, yielding two blocky
strings of length 9: s7 = ABBAAAAAA and s8 = ABBAAAAAB. Extending s8 with
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any x10 causes b1 = AB ≤ b5. Extending s7 by x10 = B likewise causes b1 = AB ≤ b5.
Extending s7 with x10 = A causes b4 = AAAAA ≤ b5 = AAAAAA.
Hence for blocky strings of length ≥ 10 we can only have s = ABBBx5x6 . . .

Step 5. For s = ABBBx5x6 . . . we need b2 = BBB ̸≤ b3 = BBx5x6 forcing x5 = x6 = A
and s = ABBBAAx7x8 . . .. Then as b1 = AB ̸≤ b4 = BAAx7x8 we need x7 = x8 = A and
likewise since b1 = AB ̸≤ b5 = AAAAx9x10 we must have x9 = x10 = A.
As before adding any x11 creates no new blocks, giving us two blocky strings of length 11:
s9 = ABBBAAAAAAA and s10 = ABBBAAAAAAB.
These are our final answers since neither can be legally extended. Appending any x12 to
s10 violates b1 = AB ≤ b6, as does appending B to s9, while appending A to s9 violates
b5 = AAAAAA ≤ b6 = AAAAAAA. ■

Proof of solubility for all K

Write n(1) = 3 and n(2) = 11 to indicate the results above, i.e. n(K) is the length of the
longest blocky string in a K-symbol alphabet.
This problem is of broader interest because of what happens for larger alphabets. Firstly,
let us sketch a proof that a solution to the puzzle always exists.

Theorem 1 (Friedman, [5]). For all K ≥ 1, the value n(K) exists uniquely. That is
arbitrarily long (or infinitely long) blocky strings do not exist.

Proof. Fix K ≥ 1. We work with strings from a K-symbol alphabet. We first prove the
following:
Claim. Let s1, s2, . . . be an infinite sequence of finite strings. Then there are i < j where
si ≤ sj .
Proof of claim. Suppose not. Pick s1 of minimal length so that there exists an infinite
counterexample sequence starting with s1.
Then pick s2 of minimal length so that there exists a counterexample starting with s1, s2.
Continuing this way, we build a counterexample s1, s2, s3, . . .

Let sn = sj0 be the first string so that there exist infinitely many strings sj0 , sj1 , sj2 , . . . all
starting with the same symbol. (Clearly such must exist.)
Let tn be sn = sj0 with the first symbol removed, and similarly tn+i is sji with the first
symbol removed. Then s1, s2, . . . , sn−1, tn, tn+1, . . . is a counterexample but tn is shorter
than sn, which contradicts its minimality. QED Claim.
An important role in the remainder of the proof is played by Kőnig’s lemma, first presented
in [10], that a finitely branching tree with infinitely many vertices has an infinite branch.
We can use this to complete the proof.
Suppose for a contradiction there are arbitrarily long blocky strings. These form a tree,
which is finitely branching since the alphabet is finite. Thus by Kőnig’s lemma, there
exists an infinite blocky string. Let b1, b2, . . . be its blocks. This sequence contradicts the
claim. ■

Finding n(K) for K ≥ 3 is non-trivial due to their unexpected immensity.
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A long sequence for K = 3
We will give an example illustrating that n(3) ≥ 5000, and show how to adapt it to give
much larger results. As with most else in this paper, we follow [5], though the details there
are technical and the resulting sequence is somewhat buried in the proof of blockiness,
which we will not reproduce here. We have done our best here to extract the construction
explicitly.

We use the notation A10 to mean AAAAAAAAAA and so on. We begin with a seed
sequence (found by hand in [5]).

S : AB2ACA7C2ACAC8AC5AC20A2C53AC108 length 216.

We build a longer sequence as follows:

S B B C1 B C2 B C3 B . . . Cd

where d is to be determined and will be large, B is a repeating block and the Ci vary:

B : C25 length 25.

C1 : B73C8B2 length 83

C2 : B75C8B length 84

So far, S B B C1 B C2 B is a blocky strong of length 459. First we will extend this with
explicit but non-optimal choices for C3, . . . , C9 and then discuss how this could be taken
hugely further.

C3 : BCB169CB2CB2CB2CB2CB2CB2CB length 191

C4 : BCB2CB170CB2CB2CB2CB2CB2CB2 length 193

C5 : BCB2CB2CB171CB2CB2CB2CB2CB215 length 407

C6 : BCB2CB2CB2CB172CB2CB2CB2CB218 length 411

C7 : BCB2CB2CB2CB2CB173CB2CB2CB645 length 839

C8 : BCB2CB2CB2CB2CB2CB174CB2CB652 length 847

C9 : BCB2CB2CB2CB2CB2CB2CB175CB1507 length 1703

With these choices, we get a blocky string of length 5200:

S B B C1 B C2 B C3 B C4 B C5 B C6 B C7 B C8 B C9.

To take this further we show how to redefine C3, C4, . . . up to a high limit. The length of
each block Ci for i ≥ 3 is predetermined at

|Ci| = F (i + 1) − F (i) − 25

where F is the recursively defined (and exponentially growing) function:

F (1) = 216, F (2) = 324, F (i) = 2 · F (i − 2) + 1 for i ≥ 3.
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In general Ci contains exactly 8 Cs in the following pattern:

Ci : BCByi
1CByi

2CByi
3CByi

4CByi
5CByi

6CByi
7CBzi length |Ci|

where for each i we have
7∑︂

j=1
yi

j = 178 + i and zi is the make-up term zi = |Ci| − 187 − i

(so z3 = 1).

The key idea is that the sequence of septuples yi must have the property that for no i < j
do we have yi ≤ yj , where

(yi
1, . . . , yi

7) ≤ (yj
1, . . . , yj

7) ⇔ ∀ℓ ≤ 7 yi
ℓ ≤ yj

ℓ .

Notice that yi ≤ yj ⇔ Ci ≤ Cj in the sense of substrings.

Clearly this holds for our choices above: y3 = (169, 2, 2, 2, 2, 2, 2), . . . , y9 = (2, 2, 2, 2, 2, 2, 175).
Equally clearly these are not optimal and much longer sequences (yi) are possible. How
long?

Size of solutions for K = 3, 4
The function that arose in the last section is f7(179), the instance k = 7 and p = 179 of
the following: fk(p) is the longest sequence yi of tuples of Nk such that:

• For all i we have
∑︁k

j=1 yi
j ≤ i + p − 1.

• For no i < j do we have yi ≤ yj .

Similarly to the proof of Theorem 1, [5] shows that fk(p) is well-defined for all k, p ≥ 1
by first eliminating the possibility of infinitely long legal sequences and then appealing to
Kőnig’s Lemma to rule out finite sequences of arbitrary length.

Let us try to get a handle on the size of fk(p). Consider first f2(5) and the following
sequence of pairs yi:

y1 = (5, 0)

y2 = (4, 2), y3 = (4, 1), y4 = (4, 0)

y5 = (3, 6), y6 = (3, 5), . . . , y11 = (3, 0)

y12 = (2, 14), . . . , y26 = (2, 0)

y27 = (1, 30), . . . , y57 = (1, 0)

y58 = (0, 62), . . . , y120 = (0, 0)

where row j runs from (6 − j, 2j − 2) to (6 − j, 0) with length 2j − 1. This example shows
f2(5) ≥ 120. Generalising, f2(p) ≥ g2(p) := 2p+2 − p − 3.

Now consider f3(5), via the following sequence initially:

y1 = (5, 0, 0)

y2 = (4, 2, 0), . . . , y12 = (4, 0, 0)
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where on the second row, the second and third coordinates witness f2(2) ≥ g2(2) = 11 as
above:

y2 = (4, 2, 0)

y3 = (4, 1, 2), y4 = (4, 1, 1), y5 = (4, 1, 0)

y6 = (4, 0, 6), y7 = (4, 0, 5) . . . , y12 = (4, 0, 0)

We continue:
y13 = (3, 11, 0) . . . , y8190 = (3, 0, 0)

where this third row witnesses g2(g2(2)) = g2(11) = 8178. Notice this is not optimal as
we could begin with (3, 14, 0). Likewise the fourth row will have first coordinates 2 and
length g2(g2(g2(2))), and so on, until the final line has initial coordinates 0 and length
g2(g2(g2(g2(g2(2))))). Since g2(p) ≥ 2p+1 this gives us

f3(5) > 222223

.

Generalising, we see that
fk+1(p) > fk ◦ . . . ◦ fk(2)

where the number of fk is p.

This is strongly reminiscent of the famously fast-growing Ackermann function5, A be
defined recursively by:

• A1(n) = 2n

• Ak+1(n) = AkAk . . . Ak(1) where there are n many occurrences of Ak.

So A2(n) = 2n and A3(n) = 22. . .
2

where the tower contains n many 2s.

For three letters, the recursive system above allows an adaptation of the sequence C1, . . . , Cd

where d = A7(184) (note the 7 here corresponding the tuples yi ∈ N7, and to the depth
of the recursion outlined above). This trivially implies that n(3) > A7(184). Friedman
reports that Randall Dougherty has found a seed sequence S of length 187196, and has
thereby improved this to: n(3) > A7198 (158386).

So much for n(3). What of n(4)? That is, in the words of Friedman in [4], “a whole
’nother kettle of fish”, requiring a further extension of the Ackermann function. Writing
A(k) = Ak(k), then n(4) > AA...A(1), where there are A(187196) many As.

All of these gigantic numbers are not mere curiosities, but symptoms of the logical strength
of the system required to prove Friedman’s result that n(K) is well-defined for all k.

5Various versions of the Ackermann function are in circulation. We follow the variant used in [5].
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A logical story, in fast forward
Let us end with a very brief discussion of how the results discussed above fit into the story
of mathematical logic over the last two centuries. Fuller accounts of these matters can be
found in many places, including for a general audience in my recent book [3].
Around 1900, David Hilbert set in motion a project to axiomatise arithmetic (meaning for
current purposes the natural numbers equipped just with addition and multiplication). He
hoped for a system which would be consistent (i.e. it should not be possible to deduce a
falsehood from the axioms) and complete (any true statement about arithmetic should be
deducible from the axioms), as well as being decidable (which we will ignore for current
purposes).
Hilbert’s programme, at least in its maximalist form, was ended by Kurt Gödel’s Incom-
pleteness Theorem of 1931. Gödel showed that any axiomatisation we can ever write down
(meaning, in modern terminology, any which is computationally enumerable) is necessarily
incomplete (assuming it is consistent).
That is, there will always be a statement G, where neither G nor ¬G (the negation of G)
logically follows from the axioms.
Gödel’s original statement was, essentially, “This statement has no proof” as translated into
the language of arithmetic. His genius was to recognise the highly non-obvious fact that
statements like this can be encoded into the language of arithmetic itself: any sufficiently
powerful axiomatic system for arithmetic is strong enough to express statements about
itself.
Now, Gödel’s original unprovable statement, along with most others which are known,
have a distinctly metamathematicical flavour. Although fascinating on their own terms,
the question arises: are there any concrete instances of Gödelian incompleteness, that is
true statements about arithmetic which are unprovable, but which are at the same time
broadly accessible, requiring no knowledge of (or indeed interest in) logic to understand?
According to Theorem 0.7.9 of [6], Theorem 1 is precisely such a instance of concrete
incompleteness. However this requires clarification, since unprovability is relative to a
given axiomatic system.
In this case, we can specify Elementary Function Arithmetic (EFA) as the axiomatic system.
This is a simple but efficient axiomatisation of arithmetic, whose efficacy is captured by
Friedman’s so-called ‘grand conjecture’ of 1999: “Every theorem published in the Annals
of Mathematics whose statement involves only finitary mathematical objects. . . can be
proved in EFA.”
The unprovability of the statement that n(K) exists for all K is closely related to the very
high rate of growth of the sequence: n(K) eventually dominates all functions N → N which
are provably total in that system. In fact, Theorem 1 remains unprovable in the stronger
system IΣ2 (see Theorem 0.7.9 of [6]) and dominates all functions N → N which are
provably total there too, which include exotic multiply nested extensions of the Ackermann
function A.
Every unprovable theorem, of course, becomes provable under a suitable strengthening of
the axioms. In this case, Theorem 1 is provable in, for example, Peano Arithmetic (or
more weakly in IΣ3).
We know a small number of other examples of concrete incompleteness beyond this, some
at higher levels of unprovability: the cases of Goodstein’s metasequence and relatively

65



Mathematics Competitions Vol 39 No 1 2026

large Ramsey numbers were the first to be discovered in [9], and are unprovable in Peano
Arithmetic. The Robertson-Seymour Graph Minor Theorem, proved in a sequence of
twenty papers culminating in [12], is arguably the pinnacle of this line of work. It is a
major theorem of broad mathematical interest, involving nothing more exotic than finite
graphs. Yet in [7] Friedman, Robertson, and Seymour have nevertheless shown it to be
unprovable at a very high level.

This unprovability is accompanied by some exceptionally fast-growing sequences, far
outpacing the sequence n(K) discussed here, namely Friedman’s notorious TREE and
Subcubic graph numbers – exciting flying frogs to be discussed on another occasion.
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Abstract
Several ideas conventionally taught at secondary level and above
appear regularly, in simplified form, in middle school competition
problems. For each, we describe the informal reasoning younger
students bring to a representative problem unprompted, then state
the formal result and prove it, showing how the proof generalizes
that informal reasoning into a technique that transfers beyond the
specific numbers of the motivating problem. We argue, drawing on
Polya’s account of heuristic reasoning and Bruner’s spiral-curriculum
principle, that these results are not premature content transplanted
downward, but formal names and proofs for strategies students
already use instinctively.

Introduction
Elegant middle school competition problems are often solvable precisely because an under-
lying higher-level principle has an intuitive, low-prerequisite special case. The ten results
in Sections 1–10 are existing, standard mathematics, but this article’s contribution is
a reusable instructional framework: an intuitive competition problem leads to heuristic
discovery, which leads to a formal theorem, which transfers to broader mathematics beyond
the motivating problem. The ten topics were selected because each recurs frequently
in middle-school competitions while exemplifying one of a small number of recurring
mathematical modes of thought. The descriptions of student reasoning throughout are
based on the author’s experience in coaching middle-school students in Myanmar; they
are offered as heuristics observed in coaching rather than findings from a controlled study.
Section 11 supplements this core material with problems drawn directly from Junior I and
Junior II papers of the Myanmar Open Mathematics Competition [5], organized by the
Mathematical Society of Myanmar, presented on their own terms since several illustrate
techniques adjacent to, but distinct from, the main sequence.
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Theoretical Background
Two established lines of work motivate the approach taken here. Polya [7] argued that
problem-solving proceeds through heuristics, such as looking for patterns, testing special
cases, and guessing before proving, that can be learned independently of formal theory, and
that proofs are best introduced once a reasonable conjecture has already been developed.
Bruner’s spiral-curriculum principle [2] holds that a concept can be grasped meaningfully
at an early age in an intuitive form, then revisited later in more formal terms. Together
these suggest an instructional sequence: introduce the problem, let the heuristic (Polya)
phase run its course, and only then give the formal statement and proof (Bruner). This
sits alongside more recent work: Schoenfeld [8] similarly distinguishes the exploratory
phase of solving a problem from its formal write-up, and Cuoco, Goldenberg, and Mark’s
mathematical habits of mind [3] argues that curricula should focus on the recurring modes
of thought, such as pattern recognition, abstraction, and arguing by extreme cases, rather
than only on results, a theme that underlies the organization of this paper. NCTM [6]
likewise emphasizes conceptual understanding built through problem solving over rule
memorization. More recently, Kapur’s productive failure research [4] has found that students
first exposed to a task in a problem-solving setting, even when they fail to solve it, often
outperform students taught the procedure and concept beforehand. Boaler [1] similarly
argues that students benefit from encountering mathematical ideas as open problems to
explore before they are reduced to procedures.

1. The Pigeonhole Principle
Statement (Generalized Pigeonhole Principle). If N objects are distributed among n boxes,
some box contains at least ⌈N/n⌉ objects. Consequently, N = n(k − 1) + 1 objects are
sufficient, and n(k − 1) are not sufficient, to guarantee that some box contains at least k
objects.

Problem. What is the minimum number of students in a class needed to guarantee that at
least 5 of them share the same zodiac sign, given 12 possible signs?

one sign’s box, already holding 4

5th student

Figure 25: Any single sign can absorb at most 4 students before a 5th forces a repeat.
Applying this bound across all 12 signs at once gives N = 12 × 4 + 1 = 49.

Student intuition. A common heuristic observed in olympiad coaching is to reason from
the worst case outward: in the worst arrangement, each of the 12 signs could hold exactly
4 students (12 × 4 = 48) before any sign reaches 5; the next student, regardless of sign,
forces a fifth match.

Formalization. With n = 12 boxes and k − 1 = 4, if N ≤ n(k − 1) = 48 it is possible to
place at most 4 objects in each of the 12 boxes with none reaching 5, so 48 does not suffice.
If N = 49 = 12 · 4 + 1, then 49 > 12 · 4, so by the averaging bound at least one box must
contain more than 4, i.e. at least 5, objects. Hence 49 is the minimum. ■
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2. The AM-GM Inequality

Statement. For a, b ≥ 0, a + b

2 ≥
√

ab, with equality if and only if a = b.

Problem. Two positive integers sum to 20. What is the largest possible value of their
product?

0 a center a + b

√
ab

a+b
2

Figure 26: Classical geometric proof: on a semicircle of diameter a + b, the radius equals
a+b

2 and the perpendicular chord at the point splitting the diameter into a and b has length√
ab (the geometric-mean relation for a right triangle inscribed in a semicircle). A chord

can never exceed the radius, so
√

ab ≤ a+b
2 directly, with equality exactly when the chord

passes through the center, i.e. a = b.

Student intuition. One natural line of reasoning is to test 1 × 19, 8 × 12, 10 × 10, noticing
the product grows as the two numbers converge, and to conjecture that the balanced pair
(10, 10) is optimal.

Formalization. Since (a−b)2 ≥ 0, expanding gives a2 −2ab+b2 ≥ 0, so (a+b)2 ≥ 4ab, and
taking square roots, a + b ≥ 2

√
ab, which is the claim after dividing by 2. With a + b = 20

fixed, 10 ≥
√

ab, so ab ≤ 100, attained at a = b = 10. This confirms the conjectured
maximum for every real pair summing to 20, not only the integer pairs tested. ■

3. Invariants and Parity Arguments
Statement. A quantity preserved by every allowed operation (an invariant) can be used to
prove that a target configuration is unreachable, by showing the invariant’s value at the
target differs from its value at the start.

Problem. A row of 8 lightbulbs starts with exactly one bulb on. A move toggles any two
adjacent bulbs simultaneously. Can all 8 bulbs end up on?

a move toggles two adjacent bulbs

Figure 27: Eight bulbs, one lit. Each move changes the lit-count by +2, 0, or −2, so its
parity is invariant: starting odd (1), the all-on state (even, 8) is unreachable.

Student intuition. A frequent starting point is trial sequences of moves that get stuck, from
which one often notices informally that the number of lit bulbs seems to always change by
an even amount.
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Formalization. Toggling two adjacent bulbs changes the count of lit bulbs by +2 (both
were off), −2 (both were on), or 0 (one of each), always an even change. Parity of the
lit-bulb count is therefore invariant. The count starts at 1 (odd); the target, 8 (even), has
different parity and so is unreachable. ■

Remark. A genuine invariant stays exactly fixed; a weaker but equally useful cousin, a
monovariant, only moves in one direction (always increasing, or always decreasing) under
the allowed operation. A monovariant cannot rule out a target the way an invariant does,
but it can prove that a process must terminate: a different kind of impossibility argument,
ruling out infinite repetition rather than a particular end state, though built on the same
idea of tracking a quantity across each move.

4. Combinatorial Counting via Line Selection
Statement. In a grid formed by m horizontal and n vertical lines, the number of rectangles
is
(︁m

2
)︁(︁n

2
)︁
, since a rectangle is uniquely determined by a choice of 2 horizontal and 2 vertical

lines.

Problem. How many rectangles, of any size, are there in an 8 × 8 grid?

Figure 28: In a smaller 5 × 5 illustrative grid, choosing 2 of the 6 vertical and 2 of the 6
horizontal lines determines exactly one rectangle (shaded). Applied to the 9 lines of an
8 × 8 grid, the same bijection gives

(︁9
2
)︁2 = 1296.

Student intuition. A common approach is to count rectangles formed by 1 unit squares, 2
units squares and so on, summing separate cases which can lead to correct answer, but
without noticing that every rectangle is determined by a pair of vertical and a pair of
horizontal lines.

Formalization. An 8×8 grid has 9 horizontal and 9 vertical lines. Any 2 of the 9 horizontal
lines together with any 2 of the 9 vertical lines determine exactly one rectangle, and every
rectangle arises this way exactly once, so the count is

(︁9
2
)︁(︁9

2
)︁

= 36 × 36 = 1296. ■

5. Recurrence Relations
Statement. If f(n) counts the ways to reach step n by moves of size 1 or 2, then f(n) =
f(n − 1) + f(n − 2) for n ≥ 2, with f(0) = f(1) = 1.

Problem. A staircase has 10 steps. Each move covers 1 or 2 steps. How many distinct
ways are there to reach the top?
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0 1 2 3 4 5

Figure 29: A 5-step staircase with one sample climbing path using steps 1, 2, 1, 1. The
recurrence f(n) = f(n − 1) + f(n − 2) counts all such paths by conditioning on whether
the last move is a 1-step or a 2-step.

Student intuition. One natural line of reasoning computes the count for 1, 2, and 3 steps
by hand (1, 2, 3 ways) and conjectures that each count is the sum of the two preceding it,
without yet justifying why.

Formalization. The final move to reach step n is either a 1-step from step n−1, or a 2-step
from step n − 2; every path falls into exactly one of these two disjoint cases, so f(n) =
f(n−1)+f(n−2). Computing forward from f(0) = f(1) = 1: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89,
so f(10) = 89. The same conditioning argument extends immediately to k allowed step
sizes; e.g. with steps of 1, 2, or 3, the analogous recurrence gives g(10) = 274. ■

6. Graph Theory: Eulerian Paths
Statement (Euler, 1736). A connected graph admits a trail traversing every edge exactly
once if and only if it has exactly 0 or exactly 2 vertices of odd degree; in the latter case,
every such trail begins at one odd-degree vertex and ends at the other.
Problem. Given a diagram of line segments meeting at various points, can it be drawn
without lifting the pen and without tracing any segment twice?

A

B C

D

Figure 30: deg(A) = 3, deg(D) = 3, deg(B) = deg(C) = 2: exactly two odd-degree vertices
(A and D), so an Eulerian trail exists from A to D (or D to A), but no Eulerian circuit.

Student intuition. A common heuristic is to trace by trial, backtracking when stuck,
noticing that success depends on the starting point, with junctions where an odd number
of segments meet causing particular trouble.

Formalization. Necessity. Every visit to a vertex other than the trail’s two endpoints uses
one edge to enter and a different edge to leave, pairing up its incident edges, so every such
vertex must have even degree.
Sufficiency (sketch). If every vertex has even degree, walking from any vertex along unused
edges can only get stuck back at the start, producing a closed trail; if edges remain, the
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same argument applied to what is left (which is still all even-degree, and shares a vertex
with the trail already found, since the graph is connected) produces another closed trail
that can be spliced in, and repeating this uses every edge. The 2-odd-vertex case reduces
to this by temporarily joining the two odd vertices, finding a closed trail, then removing
that edge to open it. ■

A

B C

D

Figure 31: Adding a single edge BC to the diagram above raises every vertex to degree 3:
deg(A) = deg(B) = deg(C) = deg(D) = 3, four odd-degree vertices. Since Euler’s criterion
admits only 0 or 2 odd-degree vertices, this graph (the complete graph K4) has no Eulerian
trail at all: one extra edge is enough to destroy the property.

7. Number Theory: Counting Divisors
Statement. If n = pa1

1 pa2
2 · · · pak

k , the number of positive divisors of n is (a1 + 1)(a2 +
1) · · · (ak + 1).

Problem. How many positive divisors does 2024 have?

2024

2 1012

2 506

2 253

11 23

Figure 32: Repeatedly splitting off a prime factor of 2024 gives the leaves 2, 2, 2, 11, 23, so
2024 = 23 × 11 × 23. A divisor is exactly a choice of how many copies of each repeated
prime to keep: 0 to 3 of the factor 2, and 0 or 1 of each of 11 and 23, giving 4 × 2 × 2 = 16
divisors.

Student intuition. A common approach lists divisors in pairs by trial division (1 × 2024,
2 × 1012, 4 × 506, . . . ), which works but becomes unreliable to verify as numbers grow.

Formalization. Any divisor of n = pa1
1 · · · pak

k has the form pb1
1 · · · pbk

k with 0 ≤ bi ≤ ai, and
each choice of exponents gives a distinct divisor, so there are (a1 + 1) · · · (ak + 1) divisors
in total. Since 2024 = 23 × 11 × 23, the count is (3 + 1)(1 + 1)(1 + 1) = 16. ■

8. Arithmetic Series
Statement. 1 + 3 + 5 + · · · + (2n − 1) = n2.
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Problem. Find 1 + 3 + 5 + · · · + 99.

Figure 33: The first four odd numbers (1, 3, 5, 7, where each gnomon gets its own color)
tile a square array of dots of size 4 × 4, yielding the equality 1 + 3 + 5 + 7 = 42, the same
identity proved below using pairing and again using telescoping.

Student intuition. A common heuristic pairs the first and last terms (1 + 99 = 100,
3 + 97 = 100, . . . ), or notices that running totals (1, 4, 9, 16, 25, . . . ) are perfect squares,
without yet proving the pattern continues.

Formalization. Pairing the i-th term from each end, (2i−1)+(2n−2i+1) = 2n, and there
are n/2 such pairs, giving total n · n = n2 (a short adjustment handles odd n identically
via the standard arithmetic-series formula n

2 (first + last)). Since 99 = 2(50) − 1, this is the
sum of the first 50 odd numbers, 502 = 2500. ■

9. Telescoping Sums

Statement.
n∑︂

k=1

(︃ 1
ak

− 1
ak+1

)︃
= 1

a1
− 1

an+1
.

Problem. Find 1
1 · 2 + 1

2 · 3 + · · · + 1
99 · 100 .

1 − 1
2 + 1

2 − 1
3 + 1

3 − 1
4 · · ·

Figure 34: Writing 1
k(k+1) = 1

k − 1
k+1 and laying the terms end to end, each − 1

k is
immediately canceled by the next term’s + 1

k ; only the very first term (1) and the eventual
last term (− 1

100) survive.

Student intuition. One natural line of reasoning computes partial sums (1
2 , 2

3 , 3
4 , . . . ) and

notices the pattern n
n+1 without yet knowing why each new term nearly cancels the previous

growth.

Formalization. Since 1
k(k+1) = 1

k − 1
k+1 , writing out the sum, every interior term cancels:(︂

1 − 1
2

)︂
+
(︂

1
2 − 1

3

)︂
+ · · · +

(︂
1
99 − 1

100

)︂
= 1 − 1

100 = 99
100 . ■

10. Euler’s Totient Function
Statement. If n = pa1

1 · · · pak
k , the number of integers in {1, . . . , n − 1} coprime to n is

φ(n) = n
∏︁k

i=1

(︂
1 − 1

pi

)︂
.

Problem. How many positive integers x less than 2023 are there such that x
2023 is in reduced

(simplest) form?
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mult. of 7 mult. of 17

both

Figure 35: Counting integers in {1, . . . , 2023} coprime to 2023 = 7 × 172 is inclusion-
exclusion on the two overlapping regions of multiples of 7 and 17; the surviving (unshaded)
count is φ(2023) = 1632.

Student intuition. A common heuristic crosses off numerators sharing a factor with the
denominator one prime at a time, an informal, unlabeled instance of inclusion-exclusion.

Formalization. By inclusion-exclusion on the primes dividing n, the proportion of {1, . . . , n}
not divisible by any pi is

∏︁
i

(︂
1 − 1

pi

)︂
, giving the stated formula. Since 2023 = 7 × 172,

φ(2023) = 2023 × 6
7 × 16

17 = 1632. ■

11. Further Examples from the Myanmar Open Mathematics Com-
petition
The six problems below, quoted verbatim from actual MOMC Junior I and Junior II papers
[5], stand as a self-contained set rather than being distributed among Sections 1–10, and
are restricted to problems that go beyond what an average Grade 7–8 student would solve
without difficulty.

11.1 Pigeonhole on Angles
Problem (MOMC Junior II, October 2023 [5]). “Draw straight lines through a point P on
a paper. How many lines do you have to draw at least to be sure that there are two lines
that make an angle of less than 15◦?”

Student intuition. A common heuristic tests small numbers of lines directly, sketching
them spaced as far apart as possible, before noticing the question is really about how many
equal arcs a 180◦ half-turn splits into.

Formalization. A line’s direction is an angle in [0◦, 180◦), since a line and its reverse
direction coincide. Splitting [0◦, 180◦) into 180/15 = 12 arcs of exactly 15◦, one line can
be placed at each arc boundary (0◦, 15◦, . . . , 165◦) with every pairwise angle a multiple
of 15◦, so 12 lines can avoid the condition. A 13th line must fall inside one of these 12
arcs alongside an existing line, forcing an angle strictly less than 15◦ between them by the
Pigeonhole Principle (Section 1). So 13 lines are needed. ■

11.2 A Permutation Parity Argument
Problem (MOMC Junior II, October 2024 [5]). “Suppose that x1, x2, ..., x2025 is an arbitrary
arrangement of 1, 2, 3, ..., 2025. Prove that (x1 − 1)(x2 − 2) · · · (x2025 − 2025) is even.”

Student intuition. One natural line of reasoning tests small cases, such as arrangements of
1, 2, 3 or 1, . . . , 5, and notices at least one factor xi − i always comes out even, without yet
seeing why it must be forced.
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Formalization. Suppose, for contradiction, that every factor xi−i is odd. Since x1, . . . , x2025
is a permutation of 1, . . . , 2025,

∑︁2025
i=1 (xi − i) =

∑︁
xi −

∑︁
i = 0. But a sum of 2025 odd

terms (an odd count of odd numbers) is itself odd, while 0 is even, a contradiction. So
some factor xi − i is even, making the product even. This is a parity argument in the
spirit of Section 3, though the invariant here is the parity of a sum forced to zero by the
permutation structure, rather than a quantity tracked across a sequence of moves. ■

11.3 Subtracting Two Quadratics
Problem (MOMC Junior II, January 2025 [5]). “There is a real number r that is a solution
of both equations x2 + 2ax + b = 0 and x2 + 2bx + a = 0. Given that a ≠ b, find the value
of a + b.”

Student intuition. A common approach substitutes r into both equations and tries to
solve the resulting system for a and b separately, before noticing that subtracting the two
equations eliminates the quadratic term entirely.

Formalization. Subtracting the second equation from the first: 2ar + b − 2br − a = 0, i.e.
(a − b)(2r − 1) = 0. Since a ≠ b, 2r − 1 = 0, so r = 1

2 . Substituting back into the first
equation: 1

4 + a + b = 0, so a + b = −1
4 . ■

11.4 A System from Ratios
Problem (MOMC Junior II, October 2023 [5]). “A box contains red, white and blue balls.
The number of red balls is an even number and the total number of balls is less than 100.
The number of white and blue balls together is exactly 4 times the number of red balls. The
number of red and blue balls together is exactly 6 times the number of white balls. How
many balls are in the box?”

Student intuition. A common approach assigns variables to each color and writes down the
two given relations, then experiments with small values of the red count before organizing
the search algebraically.

Formalization. Let R, W, B be the red, white, blue counts. From W + B = 4R, the
total is R + W + B = 5R. From R + B = 6W and B = 4R − W , substitution gives
R + 4R − W = 6W , so 7W = 5R, i.e. W = 5R

7 , forcing 7 | R. Combined with R even and
5R < 100 (so R < 20), the only option is R = 14, giving W = 10, B = 4(14) − 10 = 46,
and total = 5(14) = 70. ■

11.5 The Remainder Theorem for Divisibility
Problem (MOMC Junior I, January 2026 [5]). “Given that (m − 2) is a positive integer
and that it is also a factor of 3m2 − 2m + 7, find all possible values of m.”

Student intuition. A common approach substitutes small integer values of m directly
and checks divisibility by hand, before noticing that polynomial division would settle the
question for every m at once.

Formalization. Dividing, 3m2 −2m+7 = (m−2)(3m+4)+15, so (m−2) | (3m2 −2m+7)
exactly when (m − 2) | 15. The positive divisors of 15 are 1, 3, 5, 15, giving m − 2 ∈
{1, 3, 5, 15}, so m ∈ {3, 5, 7, 17}. ■
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11.6 An AM-GM Minimization
Problem (MOMC Junior II, October 2023 [5]). “For positive numbers x and y, find the
minimum value of

(︃
2x + 1

3y

)︃(︃
4y + 1

6x

)︃
.”

Student intuition. A common approach tries specific values of x and y by trial, or attempts
to expand and minimize, before noticing that the expansion collapses to a function of the
single product xy.

Formalization. Expanding:
(︂
2x + 1

3y

)︂ (︂
4y + 1

6x

)︂
= 8xy + 2x

6x + 4y
3y + 1

18xy = 8xy + 1
18xy + 5

3 .

Writing t = xy > 0 and applying AM-GM (Section 2) to 8t and 1
18t : 8t+ 1

18t ≥ 2
√︂

8t · 1
18t =

2
√︂

4
9 = 4

3 , with equality at t = 1
12 . The minimum value is therefore 4

3 + 5
3 = 3. ■

Limitations
This article is an expository and pedagogical reflection rather than an empirical study: the
student-reasoning descriptions are a practitioner’s field observations from coaching, not
data from a controlled study. A natural next step is a classroom study comparing this
sequencing against formalization-first instruction.

Conclusion
Across the results in Sections 1–10, the mathematics is standard, but two things are not:
the analysis of the informal reasoning that precedes formal exposure, and the observation
that these ten results collapse into a smaller number of recurring deep ideas appearing
under different names. Consonant with Polya’s heuristic-then-proof sequence and Bruner’s
spiral curriculum, the resulting instructional order poses the accessible instance, lets the
informal strategy surface on its own, and only then supplies the formal statement and
proof. Section 11’s further examples, drawn directly from MOMC papers, are offered in the
same spirit but as standalone problems worth knowing on their own terms. Competition
problems, in this view, serve not merely as exercises in ingenuity, but as natural entry points
into the formal structures students will later encounter throughout higher mathematics.
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The 65th International Mathematical Olympiad (IMO) was held 11–22 July 2024 in the
city of Bath, United Kingdom. This was the fourth time that the United Kingdom has
hosted the IMO.

A total of 609 high school students from 108 countries participated. Of these, 81 were
female.

As per normal IMO rules, each participating country may enter a team of up to six students,
a Team Leader and a Deputy Team Leader.1

Participating countries also submit problem proposals for the IMO. This year there were 229
problem proposals from 63 countries. The IMO Problem Selection Committee shortlisted
31 of these for potential use on the IMO exams.

At the IMO the Team Leaders, as an international collective, form what is called the Jury.
The Jury makes the important decisions that shape each year’s IMO. Their first task is
to set the two IMO competition papers from the aforementioned shortlist and approve
marking schemes. During this period the Leaders and their observers are trusted to keep
all information about the contest problems completely confidential.

The six problems that ultimately appeared on the IMO exam papers may be described as
follows.

1. A very easy algebra problem proposed by Colombia.

2. A medium number theory problem proposed by Indonesia.

3. A very difficult combinatorics problem about sequences proposed by Australia.

4. An easy classical geometry problem proposed by Poland.

1The IMO regulations also permit countries to enter a small number of additional staff as Observers.
These may fulfil various roles such as meeting child safety obligations, assisting with marking and
coordination, or learning about how to host an IMO.
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5. A medium game-style combinatorics problem proposed by Hong Kong.

6. A very difficult algebra problem about functions defined on the set of rational
numbers proposed by Japan.

These six problems were posed in two exams held on Tuesday 16 July and Wednesday 17
July. Each exam paper had three problems. The contestants worked individually. They
were allowed four and a half hours per paper to attempt the problems. Each problem was
scored out of a maximum of seven points.
After the exams, the Leaders and their Deputies spent about two days assessing the work
of the students from their own countries, guided by the marking schemes which had been
agreed to earlier. A local team of markers called Coordinators also assessed the papers.
They too were guided by the marking schemes but are allowed some flexibility if, for
example, a Leader brought something to their attention in a contestant’s exam script
that is not covered by the marking scheme. The Team Leader and Coordinators must
agree on scores for each student of the Leader’s country in order to finalise scores. Any
disagreements that cannot be resolved in this way are ultimately referred to the Jury. No
such referrals occurred this year.
The contestants found Problems 1 and 4 to be the easiest with average scores of 5.57 and
4.85, respectively. Problem 6 was the hardest, with only 5 contestants receiving full marks
on it. It averaged just 0.40 overall. The score distributions by problem number were as
follows.

Mark P1 P2 P3 P4 P5 P6
0 29 217 501 129 316 482
1 54 80 40 39 97 76
2 22 129 38 19 3 27
3 35 10 10 10 9 9
4 13 2 3 4 1 2
5 12 9 2 8 18 7
6 31 6 7 7 11 1
7 413 156 8 393 154 5

Mean 5.57 2.54 0.44 4.85 2.25 0.40
The medal cuts were set at 29 points for Gold, 22 for Silver and 16 for Bronze. The medal
distributions2 were as follows.

Gold Silver Bronze Total
Number 58 123 145 326
Proportion 9.5% 20.2% 23.8% 53.5%

These awards were presented at the closing ceremony. Of those who did not get a medal,
170 contestants received an Honourable Mention for scoring full marks on at least one
problem.
Haojia Shi of the People’s Republic of China was the sole contestant who achieved the
most excellent feat of a perfect score of 42. He was given a standing ovation during the
presentation of medals at the closing ceremony.
2The total number of medals is approved by the Jury and should not normally exceed half the total
number of contestants. The numbers of Gold, Silver and Bronze medals should be approximately
in the ratio 1:2:3.
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The 2024 IMO was organised by Purposeful Ventures with the support of XTX Markets.

Hosts for future IMOs have been secured as follows.
10-20 July, 2025 Sunshine Coast, Australia
2026 People’s Republic of China
2027 Hungary
2028 Saudi Arabia

Much of the statistical information found in this report can also be found on the official
website of the IMO.

www.imo-official.org
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Tuesday, 16. July 2024

Problem 1. Determine all real numbers α such that, for every positive integer n, the integer

⌊α⌋ + ⌊2α⌋ + · · · + ⌊nα⌋

is a multiple of n. (Note that ⌊z⌋ denotes the greatest integer less than or equal to z. For example,
⌊−π⌋ = −4 and ⌊2⌋ = ⌊2.9⌋ = 2.)

Problem 2. Determine all pairs (a, b) of positive integers for which there exist positive integers g
and N such that

gcd(an + b, bn + a) = g

holds for all integers n ! N . (Note that gcd(x, y) denotes the greatest common divisor of integers x
and y.)

Problem 3. Let a1, a2, a3, . . . be an infinite sequence of positive integers, and let N be a positive
integer. Suppose that, for each n > N , an is equal to the number of times an−1 appears in the list
a1, a2, . . . , an−1.
Prove that at least one of the sequences a1, a3, a5, . . . and a2, a4, a6, . . . is eventually periodic.
(An infinite sequence b1, b2, b3, . . . is eventually periodic if there exist positive integers p and M such
that bm+p = bm for all m ! M .)

Language: English Time: 4 hours and 30 minutes.
Each problem is worth 7 points.

English (eng), day 1English (eng), day 1

Tuesday, 16. July 2024

Problem 1. Determine all real numbers α such that, for every positive integer n, the
integer

⌊α⌋ + ⌊2α⌋ + · · · + ⌊nα⌋

is a multiple of n. (Note that ⌊z⌋ denotes the greatest integer less than or equal to z. For
example, ⌊−π⌋ = −4 and ⌊2⌋ = ⌊2.9⌋ = 2.)

Problem 2. Determine all pairs (a, b) of positive integers for which there exist positive
integers g and N such that

gcd(an + b, bn + a) = g

holds for all integers n ⩾ N . (Note that gcd(x, y) denotes the greatest common divisor of
integers x and y.)

Problem 3. Let a1, a2, a3, . . . be an infinite sequence of positive integers, and let N be a
positive integer. Suppose that, for each n > N , an is equal to the number of times an−1
appears in the list a1, a2, . . . , an−1.

Prove that at least one of the sequences a1, a3, a5, . . . and a2, a4, a6, . . . is eventually periodic.

(An infinite sequence b1, b2, b3, . . . is eventually periodic if there exist positive integers p
and M such that bm+p = bm for all m ⩾ M .)

Language: English Time: 4 hours and 30 minutes.
Each problem is worth 7 points.
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Tuesday, 16. July 2024

Problem 1. Determine all real numbers α such that, for every positive integer n, the integer

⌊α⌋ + ⌊2α⌋ + · · · + ⌊nα⌋

is a multiple of n. (Note that ⌊z⌋ denotes the greatest integer less than or equal to z. For example,
⌊−π⌋ = −4 and ⌊2⌋ = ⌊2.9⌋ = 2.)

Problem 2. Determine all pairs (a, b) of positive integers for which there exist positive integers g
and N such that

gcd(an + b, bn + a) = g

holds for all integers n ! N . (Note that gcd(x, y) denotes the greatest common divisor of integers x
and y.)

Problem 3. Let a1, a2, a3, . . . be an infinite sequence of positive integers, and let N be a positive
integer. Suppose that, for each n > N , an is equal to the number of times an−1 appears in the list
a1, a2, . . . , an−1.
Prove that at least one of the sequences a1, a3, a5, . . . and a2, a4, a6, . . . is eventually periodic.
(An infinite sequence b1, b2, b3, . . . is eventually periodic if there exist positive integers p and M such
that bm+p = bm for all m ! M .)

Language: English Time: 4 hours and 30 minutes.
Each problem is worth 7 points.

English (eng), day 1English (eng), day 2

Wednesday, 17. July 2024

Problem 4. Let ABC be a triangle with AB < AC < BC. Let the incentre and incircle
of triangle ABC be I and ω, respectively. Let X be the point on line BC different from C
such that the line through X parallel to AC is tangent to ω. Similarly, let Y be the point
on line BC different from B such that the line through Y parallel to AB is tangent to ω.
Let AI intersect the circumcircle of triangle ABC again at P ̸= A. Let K and L be the
midpoints of AC and AB, respectively.

Prove that <) KIL + <) Y PX = 180◦.

Problem 5. Turbo the snail plays a game on a board with 2024 rows and 2023 columns.
There are hidden monsters in 2022 of the cells. Initially, Turbo does not know where any
of the monsters are, but he knows that there is exactly one monster in each row except the
first row and the last row, and that each column contains at most one monster.

Turbo makes a series of attempts to go from the first row to the last row. On each attempt,
he chooses to start on any cell in the first row, then repeatedly moves to an adjacent cell
sharing a common side. (He is allowed to return to a previously visited cell.) If he reaches
a cell with a monster, his attempt ends and he is transported back to the first row to start
a new attempt. The monsters do not move, and Turbo remembers whether or not each
cell he has visited contains a monster. If he reaches any cell in the last row, his attempt
ends and the game is over.

Determine the minimum value of n for which Turbo has a strategy that guarantees reaching
the last row on the nth attempt or earlier, regardless of the locations of the monsters.

Problem 6. Let Q be the set of rational numbers. A function f : Q → Q is called
aquaesulian if the following property holds: for every x, y ∈ Q,

f(x + f(y)) = f(x) + y or f(f(x) + y) = x + f(y).

Show that there exists an integer c such that for any aquaesulian function f there are at
most c different rational numbers of the form f(r) + f(−r) for some rational number r,
and find the smallest possible value of c.

Language: English Time: 4 hours and 30 minutes.
Each problem is worth 7 points.
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Some IMO Country Totals

Rank Country Total
1 United States of America 192
2 People’s Republic of China 190
3 Republic of Korea 168
4 India 167
5 Belarus 165
6 Singapore 162
6 United Kingdom 162
8 Hungary 155
9 Poland 151
9 Türkiye 151
11 Taiwan 149
12 Romania 145
13 Bosnia and Herzegovina 144
14 Italy 143
14 Japan 143
16 Israel 142
16 Mongolia 142
18 Hong Kong 140
19 Islamic Republic of Iran 137
20 Brazil 134
21 France 133
22 Serbia 132
23 Canada 131
24 Mexico 129
25 Austria 127
25 Kazakhstan 127
27 Bulgaria 126
27 Greece 126
29 Kyrgyzstan 122
29 Peru 122
31 Germany 120
31 New Zealand 120
33 Malaysia 118
33 Vietnam 118
35 Croatia 116
35 Slovakia 116
35 Thailand 116
38 Armenia 113
38 Australia 113
38 Ukraine 113
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Distribution of Awards at the 2024 IMO

Country Total Gold Silver Bronze HM
Albania 51 0 0 1 3
Algeria 86 1 0 0 4
Argentina 90 0 1 3 1
Armenia 113 0 0 5 1
Australia 113 1 1 2 2
Austria 127 0 5 0 1
Azerbaijan 64 0 0 1 5
Bangladesh 83 0 0 2 4
Belarus 165 4 0 2 0
Belgium 80 0 1 2 1
Bhutan 8 0 0 0 0
Bolivia 26 0 0 1 1
Bosnia and Herzegovina 144 3 1 2 0
Botswana 15 0 0 0 1
Brazil 134 1 3 2 0
Bulgaria 126 0 3 2 1
Canada 131 0 4 1 1
Chile 17 0 0 0 1
Colombia 87 0 0 2 4
Costa Rica 82 0 0 2 3
Croatia 116 0 3 2 1
Cuba 68 0 0 0 5
Cyprus 88 0 2 1 3
Czech Republic 103 0 2 2 2
Denmark 88 0 0 2 4
Dominican Republic 39 0 0 0 3
Ecuador 46 0 0 1 2
El Salvador 17 0 0 0 1
Estonia 91 0 1 1 4
Finland 85 0 1 1 3
France 133 1 3 1 1
Georgia 108 1 0 3 1
Germany 120 0 2 4 0
Ghana 4 0 0 0 0
Greece 126 1 2 3 0
Honduras 1 0 0 0 0
Hong Kong 140 0 5 1 0
Hungary 155 2 3 1 0
Iceland 35 0 0 0 2
India 167 4 1 0 1
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Country Total Gold Silver Bronze HM
Indonesia 111 1 0 3 2
Iraq 50 0 0 2 1
Ireland 67 0 0 0 4
Islamic Republic of Iran 137 1 3 1 1
Israel 142 2 2 2 0
Italy 143 1 3 2 0
Ivory Coast 19 0 0 0 0
Japan 143 2 2 1 1
Kazakhstan 127 0 3 2 1
Kenya 7 0 0 0 0
Kosovo 48 0 0 0 4
Kyrgyzstan 122 1 3 0 2
Latvia 87 0 0 2 4
Liechtenstein 14 0 0 0 1
Lithuania 94 1 0 2 2
Luxembourg 60 0 0 1 3
Macau 56 0 0 0 5
Malaysia 118 0 2 4 0
Mexico 129 1 2 2 1
Mongolia 142 1 2 3 0
Myanmar 30 0 0 0 3
Nepal 28 0 0 0 2
Netherlands 109 0 1 4 1
New Zealand 120 0 3 3 0
Nicaragua 16 0 0 1 0
North Macedonia 107 1 0 2 3
Norway 85 0 0 3 3
Oman 4 0 0 0 0
Pakistan 64 0 1 1 1
Panama 10 0 0 0 1
Paraguay 20 0 0 0 1
People’s Republic of China 190 5 1 0 0
Peru 122 0 2 3 1
Philippines 102 0 1 3 2
Poland 151 1 4 1 0
Portugal 71 0 0 1 4
Puerto Rico 18 0 0 0 1
Republic of Korea 168 2 4 0 0
Republic of Moldova 84 0 1 2 2
Romania 145 1 4 1 0
Rwanda 39 0 0 0 4
Saudi Arabia 111 0 1 4 1
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Country Total Gold Silver Bronze HM
Serbia 132 0 4 1 1
Singapore 162 1 5 0 0
Slovakia 116 1 1 3 1
Slovenia 92 0 1 1 3
South Africa 93 0 1 2 1
Spain 80 0 0 2 3
Sri Lanka 71 0 0 2 4
Sweden 102 0 1 3 2
Switzerland 106 1 0 1 4
Syria 64 0 0 1 4
Taiwan 149 2 2 2 0
Tajikistan 80 0 0 2 3
Thailand 116 0 3 1 2
Trinidad and Tobago 37 0 0 0 2
Tunisia 67 0 0 1 3
Türkiye 151 2 2 2 0
Turkmenistan 107 0 2 2 2
Uganda 22 0 0 0 1
Ukraine 113 0 2 3 1
United Arab Emirates 1 0 0 0 0
United Kingdom 162 2 3 1 0
United States of America 192 5 1 0 0
Uruguay 48 0 0 0 3
Uzbekistan 110 0 2 3 0
Venezuela 14 0 0 0 0
Vietnam 118 0 2 3 1
Total (108 teams, 609 contestants) 58 123 145 170

(Not all countries entered a full team of six students.)

Angelo Di Pasquale
Australia
adp@unimelb.edu.au

Editor’s note: This report was submitted for Volume I 2025 but got lost in the compiling
universe. Because of this, the Report of IMO 2025 will be included in Volume II 2026.
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