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(designed by Stefan Dousa) was unveiled there (Fig.4, see [1]). In 1992, the Stefan Banach Medal
(Fig.5) was established, on the centenary of his birth. It is awarded to individuals by the Presidium
of the Polish Academy of Sciences in recognition of outstanding contributions to the development
of mathematical sciences.

Figure 3. Polish coins commemorating Banach

Figure 4. A bench in Kraków Planty Park with figures of Banach (right) and Nikodym

Figure 5. The Banach Medal
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Abstract
Children with mathematical talent often excel at solving problems
individually; however, when teamwork is properly structured, it can
enhance their abilities and significantly improve their performance in
competitions such as mathematics Olympiads. This study presents the
application of specific cooperative learning strategies in a group of
mathematically talented children at the elementary school level, with
the aim of improving their performance on questions related to logical
thinking. To achieve this, a methodology based on group cohesion
activities, the cooperative structure "Think, Share, and Solve," and the
"Rotating Folder" technique was implemented. The group’s scores in
Phases I and II of the Puerto Rico Mathematics Olympiad were analyzed
and compared with the results obtained in Phase III of the same com-
petition, after implementing the strategy. The findings show significant
improvements in student performance, supporting the effectiveness of
cooperative learning in strengthening logical thinking in high-performing
mathematics students.
Keywords: Cooperative learning, logical thinking, math Olympiads.
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Introduction
Logical thinking is a fundamental skill in mathematical development, especially for students

who possess outstanding talent in this discipline. While mathematically gifted children have
advanced abilities in abstract reasoning (Krutetskii, 1976), [4] it is essential to enhance their
capacity to structure solutions efficiently and collaboratively, as this can directly impact their
academic performance and success in competitive contexts. Mathematics Olympiads represent a
challenging environment where the ability to analyze patterns, establish relationships, and structure
efficient solutions is key to success. However, although many talented children excel in individual
problem-solving, they may face difficulties when working in teams or organizing their ideas
optimally.

Cooperative learning has proven to be an effective methodology for strengthening logical thinking,
as it promotes the exchange of ideas, mathematical argumentation, and critical evaluation of
solutions. According to Johnson and Johnson (1999), [1] peer interaction in a structured environment
can significantly enhance the understanding and application of mathematical knowledge. In this
context, the present study explores the implementation of cooperative strategies in the education of
mathematically gifted children, aiming to strengthen their logical reasoning through collaboration
and joint analysis of mathematical problems.

Howard Gardner (1983), [3] through his theory of multiple intelligences, highlights logical ma-
thematical intelligence as one of the fundamental human capacities. This intelligence involves
the ability to reason logically, solve mathematical problems, and understand patterns and relation-
ships. According to Gardner, the development of this intelligence is enhanced when students are
given opportunities to interact in environments that foster critical thinking and shared problem-
solving.

The central purpose of this study is to analyze how the application of cooperative strategies
further enhances logical thinking in mathematically gifted children. Group cohesion—a key factor
in cooperative learning—improves communication, increases trust, and strengthens commitment
(Lewin, 1951; Festinger, 1950). [5] [2]. According to J.C Torrego (2013), [6] techniques such as
“Think, Share, and Solve” and “Rotating Folder” have proven to be effective methodologies for
promoting mathematical reflection and the joint construction of knowledge.

The relevance of this study lies in its potential to optimize teaching practices in mathematics.
The implementation of cooperative strategies not only fosters more effective problem-solving but
also contributes to the development of metacognitive skills essential for academic success. By
studying the impact of these methodologies on mathematically gifted children, evidence-based
recommendations can be generated to improve pedagogical practices and strengthen the teaching
of logical thinking at the elementary level.

Methodology
The Puerto Rico Mathematical Olympiad, held at the University of Puerto Rico, Mayagüez

Campus (UPRM), follows an annual cyclic structure composed of three phases.

In the First Phase, all elementary, middle, and High School students from public and private
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schools in Puerto Rico are eligible to participate. This phase is conducted virtually and individually
through the website https://ompr.weebly.com, where students complete an exam consisting of
twenty (20) multiple choice questions and submit their answers within a specific time, which
in 2024 was from April 22nd to May 20th . The top 40% of students with the highest scores
at each of the three levels are selected to advance to the next phase. In this stage, one thousand
one hundred thirty six (1,136) elementary-level students qualified for the Second Phase by scoring
seven (7) points or more out of a total of twenty (20).

In the Second Phase, selected students take an in-person individual exam. This consists of fifteen
(15) questions divided into two parts: Part A, with multiple choice questions, and Part B, with
open-ended questions. This phase was held on Saturday, November 16th, 2024. Students with the
highest scores are given the opportunity to participate in the Saturday Academies for Mathematically
Talented Students, where they receive specialized training in Olympiad problem solving, as well
as supplementary study materials. In this phase, sixty six (66) elementary-level students were
selected to continue, having scored nine (9) points or more out of a total of fifteen (15).

This study was conducted with the participation of twenty three (23) of the aforementioned sixty
six (66) students, who voluntarily attended one of the Saturday academies, held on Saturday,
March 1st, 2025. The participants were identified as mathematically talented students and participated
in a three hour class session. During this session, a cooperative strategy specifically designed to
strengthen logical thinking through group interaction and self-assessment was implemented.

The strategy focused on improving performance in questions related to logical thinking, as prior
analysis of results revealed that, among the three types of questions evaluated throughout the
phases of the competition-logical, spatial and metric, and numerical thinking-logical thinking was
the one with the highest number of incorrect responses. The study methodology was structured in
several phases, each with clearly defined objectives and activities.

Phase 1: Group Cohesion and Formation

The session began with a cohesion activity called the "Appointment Clock," which lasted 15
minutes. The main objective was to promote socialization and communication among students,
allowing them to interact with various classmates through questions that focused on their interests
and personal experiences. Figure 1 shows the template used in the activity.
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Subsequently, heterogeneous groups of four students were formed, with specific roles assigned to
each member: coordinator or moderator, who ensures that all group members participate; secretary
or recorder, who writes the answers agreed upon by the group; spokesperson, who is responsible
for sharing the group’s explanations with the other groups; and timekeeper, who manages the time
to complete the task. This role assignment aimed to promote responsibility and equitable partici-
pation within each group.

Phase 2: Implementation of "Think, Share, and Solve"

The central phase of the methodology consisted of implementing the "Think, Share, and Solve"
strategy, which was carried out over 60 minutes, divided into 3 cycles. Each cycle was structured
as follows: 10 minutes for individual problem-solving ("Think"), followed by 5 minutes for
comparing and analyzing strategies within the group ("Share"), and finally, 5 minutes to develop
a consensual group response ("Solve"). Active breaks were taken between cycles to maintain
students’ focus and engaged.

Below are three examples of questions used during the problem-solving cycles.

1. If the table in the figure, which has been partially covered by an ink stain, shows correct sums,
what number should go in the box with the question mark?

2. Captain Kook wants to sail from the island called Easter to each island on the map and return
to Easter. The total journey covers a distance of 100 km. The distance from Desert to Lake is the
same as the distance from Easter to Flower passing through Volcano. What is the direct distance
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between Easter and Lake?

3. The mouse wants to escape the maze. How many different paths can the mouse take without
going through the same door more than once?

Phase 3: "Rotating Folder" Technique and Evaluation

To encourage review and continuous improvement, the “Rotating Folder” technique was implemented
for 15 minutes. The goal of the activity is to improve critical thinking through peer review. Folders
numbered from one to fourteen were used to collect each group’s solution to the corresponding
problem. Then each group was assigned a folder with all the submitted solutions to one of the
problems, each group reviewed and improved their own solutions by comparing their work with
the solutions submitted by the other groups. Finally, each spokesperson with their group presented
and argued their improved solutions to the class.

Finally, 30 minutes were dedicated to sharing and evaluation. The groups presented and defended
their answers to the class, and an individual and group evaluation rubric was used to assess parti-
cipation.

Evaluation Rubric
Figure 2 shows the rubric used to evaluate individual and group participation, time management,
and perceived performance. This rubric also allowed measure the perceived impact of the cooperative
learning strategy.
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After this, the students participated in the third phase on Saturday, March 29th, 2025, during which
they took an individual, in-person exam. The exam consisted of ten (10) open-ended questions,
each worth three (3) points. A total of sixty six (66) students who had qualified from the second
phase took part in this stage.

Results
Below is the analysis of the results from Phases II and III of the students who participated in
the Puerto Rico Mathematics Olympiad, taking into account their overall performance and those
twenty three (23) students who participated in the Saturday academy on March 1st and qualified
for these phases.

Statistical Analysis

The students who participated in phases I and II, later voluntarily attended the Saturday
academy, and eventually took part in Phase III, were analyzed. To evaluate the impact of the
cooperative strategies implemented during the Saturday academy on March 1st in strengthening
logical thinking, the non-parametric Wilcoxon signed-rank test for related samples was applied.
This test compared the results obtained by the twenty three (23) students in phases II and III,
considering only the questions related to logical thinking.

This test was chosen because the data did not meet the normality assumption required by parametric
tests. The results of the analysis indicated that there is sufficient evidence, with a significance level
of α = 0.05, to conclude that the scores obtained by the twenty three (23) students in phase III
were significantly higher than those obtained in phase II. This suggests that, after attending the
Saturday academy and participating in cooperative learning activities, the students experienced a
strengthening of their logical thinking skills.

Table 1. Average performance scores (on a scale from 0 to 1) on logical thinking questions, based
on the results obtained by all students participating in phases I, II, and III
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Phase I Phase II Phase III
Average 0.47 0.77 0.80

It is important to note that the progressive increase in average scores throughout the phases was an
expected trend, given that only the students with the highest scores in the previous stage advanced
to the next phase. The level of difficulty in phase I and phase II is similar; however, phase III has
a higher degree of difficulty.

Table 2. Average performance scores (on a scale from 0 to 1) on logical thinking questions, based
on the results obtained by students from the Saturday Academy in phases I, II, and III

Phase I Phase II Phase III
Average 0.73 0.77 0.87

The data show that the Saturday Academy participants had higher average scores across all phases
compared to the overall group, which may indicate that these students possessed stronger logical
thinking skills from the outset. Furthermore, the greater improvement from phase II to phase III in
this subgroup suggests that the cooperative learning strategies implemented during the Saturday
academy had a particularly positive impact on their performance.

Evaluation Rubric

A total of 23 students (attendees of the Saturday academy on March 1st), out of the 66 students
who qualified for phase II, participated in the survey. The results show that over 80% of the
students perceived a high level of participation and responsibility within their work teams. A
strong performance was observed in terms of achieving objectives, with 96% of students expressing
satisfaction with the accomplishments. Additionally, time management and its effective use were
well rated, with average scores of 4.60 and 4.88, respectively. Effort and commitment were also
highly valued, with an average score of 4.84. However, group communication received the lowest
rating, suggesting a need to strengthen this aspect in future activities.

Conclusions
The results obtained demonstrate that the implementation of cooperative strategies within the

Saturday academy had a positive impact on strengthening the logical thinking skills of mathematically
talented students participating in the Puerto Rico Mathematics Olympiad at the University of
Puerto Rico at Mayagüez campus. The statistical analysis using the Wilcoxon test showed significant
differences between the results of Phases II and III, indicating an improvement in student performance
after participating in cooperative activities, with a significance level of α = 0.05

Furthermore, the averages observed across the phases suggest a trend of improvement due to the
selection process, where only students with the highest scores advance to the next stage. However,
the increase observed between phases II and III among the group of students who attended the
Saturday Academy suggests that the cooperative strategies applied contributed additionally to this
progress.
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From a qualitative perspective, the results of the evaluation rubric also support the effectiveness
of cooperative learning. Most students reported high levels of participation, responsibility, and
satisfaction with their achievements. Notably, skills related to time management, effort, and
commitment were especially strong. However, group communication was identified as an area
for improvement, offering an opportunity to adjust future implementations. Techniques such as
“Think, Share, and Solve” and the “Rotating Folder” promoted not only individual and collective
understanding of mathematical problems but also the development of metacognitive skills such as
reasoning, critical evaluation, and error review.

In conclusion, when cooperative work is clearly and strategically structured, it not only enhances
academic performance in logical thinking skills but also strengthens essential social-emotional
and cognitive abilities needed for success in high-level mathematical environments such as Olym-
piads. Continuing to refine and implement these methodologies will significantly contribute to the
comprehensive development of students with high mathematical abilities.
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Abstract
This paper demonstrates the utility of exploiting invariants in olym-
piad problems. We provide a compilation of secondary school olym-
piad problems that may be solved by finding an appropriate mathema-
tical invariant from both regional competitions to national/international
competitions, and also submit original problems; collectively, we aim to
demonstrate the diversity of applications for invariants and broadly and
deeply address their usage in the context of mathematics olympiads.

Introduction

What are Invariants?

In common usage, “invariants" are quantities or expressions that stay constant after specific
operations or transformations. Likewise, “monovariants" are quantities or expressions that change
in only one direction or fashion (say, increases by 2) after specific operations or transformations.

Common invariant types include the following examples:

• Parity and modular invariants, for which a quantity is unchanged modulo n after applying

34



Mathematics Competitions Vol 38 No 2 2025

the given set of operations

• Steadily increasing monovariants, for which a quantity changes by a set amount after
applying the given set of operations

• Graphical coloring invariants, for which dividing a chessboard into groups provides insight
about properties of a tiling

• Symmetries, for which one of two players in a mathematical game has a method of “mirroring"
the second player’s strategy

However, not all invariants can be categorized neatly. This paper mainly focuses on the classical
canon of invariant problems, though it also contains problems found outside the canon.

A strategy that leverages the use of a particular invariant is helpful in solving problems of, for
example, the following types, all of which are featured in this paper:

• Terminating process problem: “Alex writes the positive integers 1 through n on a whiteboard.
Every minute, he replaces the integers a, b, c, and a+ b+ c with a+ b, b+ c, and c+ a.
Prove that this process must end after at most n

4 moves. "

• Minimal n problem: “On an n by n board, Bob shades n− 1 squares. Every second, Bob
shades in all squares adjacent to two shaded squares. Will the whole board ever be shaded?"

• Irreversible state problem: “Suppose n indistinguishable stones are scattered across a number
line. Each minute, Steven takes two stones currently at the same location and shifts one
stone 1 unit to the left and the other 1 unit to the right. Prove that once he moves the first
pair of stones, the original setup can never occur again."

Invariants appear in all sorts of contests, from the Harvard-MIT Math Tournament to the Inter-
national Mathematical Olympiad. Often, these problems are written with the intent for participants
to solve the problem by finding the invariant, but on occasion, even the problem writer will miss
an invariant-based solution! For example, Vieta’s formulas led to a famous unintentional solution
to the final problem of IMO 1988, officially introducing “Vieta Jumping" to the competitive ma-
thematics scene.

The usefulness of invariants goes beyond learning a mathematical technique; while barycentric
coordinates provides you with a set of formulas to bash through most area-based or intersection-
based geometry problems, finding an invariant often leads to more generalized discoveries. 3Blue1Brown
has an excellent lesson titled “Alice, Bob, and the average shadow of a cube," which highlights the
usefulness of invariant-based thinking. This is included as the first reference in the Ref

Typically, the best way to develop a feel or intuition for a problem that can be solved by
invariants is to play around with the problem. Since invariant problems usually involve a given set
of operations, testing what happens after x moves is a great way to gain an understanding of the
game state then. We’ll begin by examining problems that are solved using a parity/mods invariant.

Parity/Mods Invariants

Problems under the “Parity/Mods Invariant" category can usually be solved by finding some
quantity, whether explicitly stated or elsewise constructed, that stays constant modulo n. Consider
the following problems:
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1. A game is played as follows: 8 is written on the board. Every minute, you can replace n
with 3n, 5n, or 8n, or you can replace it with the number that results from subtracting twice
the unit digit from the number resulting from removing the units digit (e.g., 112 would
become 11− 2 · 2 = 7), assuming the result is nonnegative. Following the rules, which of
the following numbers can you write on the board: a) 1, b) 2, c) 3, d) 4, e) 5, f) 6, and g) 7?

Solution: The last operation is linked to the divisibility rule of 7, which suggests that we
should look at an invariant related to the number 7. The other moves all preserve whether
the number is a multiple of 7, so, we’ve found our invariant: divisibility by 7. Since 8 is not
a multiple of 7, we now know that we cannot write 7 on the board at any point. 1, 2, 3, 4, 5,
and 6 can be constructed as follows:

• 8 → 8 ·53 = 1000 → 100−2 ·0 = 100 → 10−2 ·0 = 10 → 1−2 ·0 = 1

• 8 → 8 ·52 = 200 → 20−2 ·0 = 20 → 2−2 ·0 = 2

• 8 → 8 ·53 = 1000 → 100−2 ·0 = 100 → 10−2 ·0 = 10 → 1−2 ·0 = 1 → 1 ·3 = 3

• 8 → 8 ·5 = 40 → 4−4 ·0 = 4

• 8 → 8 ·53 = 1000 → 100−2 ·0 = 100 → 10−2 ·0 = 10 → 1−2 ·0 = 1 → 1 ·5 = 5

• 8 → 8 · (3 ·5) = 120 → 12−2 ·0 = 12 → 12 ·5 = 60 → 6−2 ·0 = 6

2. Milan has a bag of 2020 red balls and 2021 green balls. He repeatedly draws 2 balls out
of the bag uniformly at random. If they are the same color, he changes them both to the
opposite color and returns them to the bag. If they are different colors, he discards them.
Eventually the bag has 1 ball left. Let p be the probability that it is green. Compute
⌊2021p⌋. (2021 HMMT Guts Problem 7)

Solution: This problem may initially seem impossible, but one nifty observation solves the
problem: the difference between the number of green balls and the number of red balls
remains invariant mod 4 under the given operations (either 1 color decreases by 2 and the
other increases by 2, or both decrease by 1). Since the starting state is 1 mod 4, the final
state must also be 1 mod 4. So, if the bag has 1 ball left, then it must be green, so p = 1 and
⌊2021p⌋= 2021 .

We’ll now look at steadily increasing monovariants.

Steadily Increasing Monovariants

Problems solved using a steadily increasing monovariant typically involve finding some quantity
that changes by a fixed amount after applying any of the given operations. Consider the problems
below:

1. Suppose Mr. Inaltong has a 10 by 8 chocolate he wishes to split between his students. He
can break any piece of chocolate into two pieces. If he wants to have 80 1 by 1 squares of
chocolate, what is the least number of breaks he needs to make? (Note: Mr. Inaltong can
only break one piece of chocolate at a time.)

Solution: Since there are almost infinitely many ways for Mr. Inaltong to break the pieces
of chocolate, finding an invariant that holds across all possible arrangements is a natural
way to solve the problem. In this case, the total number of pieces increases by 1 after each
break, so Mr. Inaltong needs exactly 79 to end up with 80 pieces of chocolate.
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2. Suppose n indistinguishable stones are scattered across a number line. Each minute, Steven
takes two stones currently at the same location and shifts one stone 1 unit to the left and the
other 1 unit to the right. Prove that once he moves the first pair of stones, the original setup
can never occur again.

Solution: The last sentence about the “original setup" is a great hint that a monovariant
may solve the problem. Intuitively, stones become more “spread out" as time passes, but
how does one rigorize that idea? One such method is to consider the sum of the squares of
the locations of the stones. (Any convex function or any concave function will do; x2 is the
simplest such example.) Suppose the two stones Steven moves were originally at x. Now,
one is at x− 1 and the other is at x+ 1. So, the sum of the squares of the locations of the
stones has increased by (x+1)2 +(x−1)2 −2x2 = 2. Since this value increases steadily by
2 with every move, Steven can’t arrive back at the initial board state, and we are done.

The next set of problems involve the use of a coloring invariant.

Coloring Invariants

Problems under this category often revolve around tiling an m×n board with certain dominoes,
with the underlying strategy being coloring the board in such a way that any placement of the
domino will result in a fixed property. Consider the following problems:

1. Consider an 8×8 chessboard. Is it possible to tile it with 31 non-overlapping dominoes if
two adjacent corners are removed? What if two opposite corners are removed? Dominoes
must be placed along the gridlines.

Solution: It is trivial to create a tiling if two adjacent corners are removed, but seemingly
impossible if two opposite corners are removed. Why? If we color the 8× 8 board sans
the opposite corners like a standard chessboard, we see that there are 32 dark squares and
30 light squares. Any domino on the board must cover 1 dark square and 1 light square,
so 31 dominoes would cover 31 dark squares and 31 light squares, and thus such a tiling is
impossible.

2. Is it possible to tile a 10×10 board with 25 4×1 tetrominoes?

Solution: Coloring the 10×10 board like a chessboard doesn’t give us the desired result—
each tetromino covers 2 dark squares and 2 light squares, and the board has 50 dark squares
and 50 light squares. However, if we color the board using 4 colors, then we can prove
impossibility: each tetromino must cover 1 square of each color, but the board has 26
squares each of 2 of the colors and 24 squares each of the remaining 2 colors. Thus, such a
tiling is impossible.

Next, we’ll look at problems solved using symmetry.

Symmetry Invariants

The problems under this category are often 2- or multi-player games, where one player
(typically the second, though on occasion, it can be the first) finds a strategy that mirrors the
other in some aspect. Consider the following problems:

1. Arya and Bran are playing a game. They begin with 2008 coins arranged in a circle, and
alternate turns, starting with Arya. On his or her turn, a player may remove any one coin, or
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if two adjacent coins remain, he or she may instead remove both. The player who removes
the last coin wins. Show that Bran has a winning strategy, no matter how Arya plays.
(Bernoulli Trials, 1998)

Solution: Bran’s guaranteed win suggests that there is some symmetry strategy he can
adopt. Indeed, one such strategy exists: after Arya’s first move, Bran will take the coin(s)
diametrically opposite. The board is now split into two congruent halves. The rules of the
game only allow players to make a move that removes coins on one half; therefore, Bran
can always mirror Arya’s move. Eventually, Arya will run out of moves (since the number
of coins is always decreasing), i.e., there are no more coins left to take. Q.E.D.

2. Alice and Bob are playing a game. The positive integer n is currently written on the board.
On a turn, a player replaces the number on the board, say, k, with positive integer k′ such
that k

2 ≤ k′ < k. Alice goes first. For what n does Alice win?

Solution: Bob wins for all n = 2a−1: trivially, if the number on the board is 1, Alice loses.
No matter what Alice replaces 2a − 1 with, Bob can always replace Alice’s number with
2a−1 −1, and an induction argument finishes.

Now, for all n ̸= 2a − 1, Alice can replace the number on the board with a number of the
form 2a −1, so Alice wins for all n ̸= 2a −1.

Lastly, we’ll look at problems that involve other invariants.

Other Invariants

The invariants below don’t fit neatly into the above categories, and, as such, are listed below.
Consider the following problems:

1. Define a sequence of positive rational numbers x0, x1, x2, x3, ..., by x0 = 2, x1 = 3, and for
all n ≥ 2,

xn =
x2

n−1 +5
xn−2

.

Prove that xn is an integer for all n ≥ 0. (USAMTS 5/1/33)

Solution:

xn =
x2

n−1 +5
xn−2

xnxn−2 = x2
n−1 +5

xnxn−2 − x2
n−1 = 5

xnxn−2 − x2
n−1 = xn+1xn−1 − x2

n = 5

xnxn−2 + x2
n = xn+1xn−1 + x2

n−1
xn−2 + xn

xn−1
=

xn+1 + xn−1

xn

Hence, xn−2+xn
xn−1

is invariant for all n. x2 = 7, so xn−2+xn
xn−1

= 2+7
3 = 3 for all n. We can rearrange

this to get xn = 3xn−1 − xn−2, so xn is clearly an integer for all n ≥ 0.

2. Initially, 4 chips are placed at the origin. A move consists of taking a chip at position (x,y)
and replacing it with two chips at (x+ 1,y) and (x,y+ 1). Prove there will always be a
coordinate with two or more chips on it. (Waterloo)
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Solution: Assign the coordinate (x,y) the weight 1
2x+y . Note that the original sum of weights

is equal to 4, and after any move, this sum does not change. Also, note the total sum of all
coordinates is equal to (20 +2−1 + ...)2 = 22 = 4, and since after a finite number of moves,
it is not possible to have all coordinates have a chip on it. Hence, if there was no coordinate
with two chips, then the sum of the weights would be less than 4, a contradiction, Q.E.D.

Problem Set
The problems in this set are roughly ordered by difficulty, but this is only a general guideline—

some later problems may be more approachable than earlier ones. You are encouraged to attempt
every problem and to spend time thinking deeply about each before reading the solutions. If you
find yourself stuck on a particular problem, don’t let that discourage you from trying the ones that
follow. Enjoy!

1. Is it possible to choose signs in the expression 1±2±3± ...±10 to make it equal to 0?

Solution: No . The parity of the sum is invariant regardless of the signs. Therefore,
1±2±3± ...±10 is congruent to 1 mod 2, so it cannot be equal to 0; Q.E.D.

2. Prove that it is impossible to tile a 10×10 chessboard with all its corners missing using 32
1×3 triminoes.

Solution: Color the chessboard using 3 colors in a similar style as a regular two-colored
chessboard. Note that any trimino covers 1 square of each color, but the board has 30 of
one color and 33 of the other two colors, a contradiction; Q.E.D.

3. Prove that one cannot tile a 9×9 board with 26 3×1 triminoes and 1 2× 2 square with a
corner missing.

Solution: Assume the contrary; it must be possible to rotate the board until the L-shaped
trimino makes is oriented as an “L". Consider the following coloring:
A B C A B C A B C
C A B C A B C A B
B C A B C A B C A
A B C A B C A B C
C A B C A B C A B
B C A B C A B C A
A B C A B C A B C
C A B C A B C A B
B C A B C A B C A

Note that the L-shaped trimino will cover 2 squares of one letter and 1 square of another,
while the 3x1 triminoes will cover 1 square of each letter. Hence, there cannot be a tiling
with 27 squares of each letter; Q.E.D.

4. 1 marble is placed at n equally-spaced points around a circle. Every minute, Catherine
moves one marble to the adjacent counterclockwise point and one marble to the adjacent
clockwise point. For what n is it possible that at some point, all the marbles are at the same
point?

Solution: n is odd. To prove it is possible for all odd numbers, rotate the circle such that
there is a “top" point. Now, for each pair of points that is horizontally level, it is possible to
move them to the top point; hence, it is possible for all marbles to end up at the top point.
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To prove it is impossible for even n, let n = 2k and assign values 1 through n = 2k to the
points along the circle. Let the value of marble i, ai be equal to the value of the point it

is at. What remains is to note that
n

∑
i=1

ai is invariant mod n. The starting state is ∑
2k
i=1 i =

k(2k+1)≡ k(mod 2k), while the final state is congruent to ∑
2k
i=1 a ≡ 0(mod 2k), so we can

never reach the final state from the starting state; Q.E.D. (Remark: it is possible to rephrase
this solution using nth roots of unity.)

5. Suppose there are N lodges in a circle, and N −1 travellers who live in the lodges. They’re
bored, so they play a game. Every minute, some lodge with two or more people inside send
one person to each neighboring lodge (they travel in a circle; no “skipping" lodges). Prove
that this game must stop at some point.

Solution: Define there to be a “path" between each neighboring pair of lodges. The key
insight is that one of these paths will never be traversed: once this is proved, the problem
reduces to the example problem about stones on a line.

Now, for each time two travellers move, see if the path they traversed has been travelled yet.
If it has not been travelled yet, name the path after them; from this move on, let them only
travel on this path. If the path has been travelled, let nothing happen. Now, note that since
there are N − 1 travellers, and each traveller can only have at most one path named after
them, at most N −1 paths have been named, as, if we assume the last path to be travelled,
it must be named after someone. Hence, one of these paths is not travelled, so we are done;
Q.E.D.

6. A triangle with sides a, b, and c is given. Denote by s the semiperimeter, that is s = a+b+c
2 .

Construct a triangle with sides s−a, s−b, and s−c. This process is repeated until a triangle
can no longer be constructed with the side lengths given. For which original triangles can
this process be repeated indefinitely? (1992 APMO #1)

Solution: To keep the perimeter invariant, we’ll modify each triangle to have side lengths
2(s−a)= b+c−a, 2(s−b)= c+a−b, and 2(s−c)= a+b−c. WLOG, assume a≤ b≤ c.
Note that 2(s−a)≥ 2(s−b)≥ 2(s− c).

Consider the difference between the longest and shortest sides of the triangle. After an
operation is applied, this quantity doubles: 2(s−a)−2(s−c) = 2(c−a). If c−a = 0, then
the triangle is equilateral and trivially works. Hence, if c− a > 0, then at some point the
difference between the longest and shortest length of the triangle will exceed the perimeter
a+b+ c, which isn’t possible.

Hence, only equilateral triangles work. Q.E.D.

7. On the island of Camelot live 13 gray, 15 brown and 17 crimson chameleons. If two
chameleons of different colors meet, they both simultaneously change color to the third
color (e.g. if a gray and a brown chameleon meet each other, they both change to crimson).

(a) Is it possible that they will eventually all be the same color?

(b) Is it possible that there will eventually be the same numbers of gray, brown, and
crimson chameleons?

(1984 Tournament of Towns Fall Round #5)

Solution: Consider the number of gray, brown, and crimson chameleons mod 3: any
meeting keeps the values (in some order). We start with 0, 1, and 2 mod 3, and both
(a) and (b) end with 3 congruent to 0 mod 3, so both are not possible; Q.E.D.
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8. Bob lost a bet to Alice, and they are playing a game to decide how much money Bob will
pay Alice. The numbers 0, 1, 2,..., 1024 are written on a board. Alice erases 512 numbers,
Bob erases 256 numbers of his choice, Alice erases 128 numbers, Bob erases 64 numbers,
etc. After 5 moves by both players, two numbers will be left. Bob will pay Alice the
positive difference of the two numbers. Assuming optimal play, how much money will Bob
give Alice?

Solution: 32 . We will prove this by proving Alice can guarantee a minimum of 32 dollars,
and Bob can guarantee a maximum of 32 dollars.

Alice starts off by removing all odd numbers. Thus, the only remainders left mod 4 are 0
and 2, of which there are 256 each. By the pigeonhole principle, after Bob’s move, one of
these mods has at most 128 numbers left, which Alice can remove. This guarantees that
there are at most 2 different remainders mod 8 left, and that all numbers are congruent mod
4. Continuing in this fashion, Alice can guarantee after her fifth move that all numbers are
congruent mod 32, so she can guarantee a minimum payout of 32 dollars.

In a similar vein, after Alice’s first move, at least half of the numbers in at least one of
0− 512 or 512− 1024 are removed, so Bob can shrink the range down to 512. In this
fashion, Bob can shrink the range after his fifth move down to 32, so he pays out at most 32
dollars.

9. Alice has a large amount of Halloween candy she collected, which she has sorted into piles.
Getting bored, she decides to play a game with one valid operation: If two piles of candy
have p and q candies, respectively, with p ≥ q, then she can move q candy from the first
pile into the second pile.

(a) If Alice started with piles of 7, 24, 37, 88, and 47, can she combine all her candy into
one pile?

(b) Prove that if the number of pieces of candy Alice has is a power of two, she can
combine them into one pile.

Solution: To prove (a) is no, assume the contrary. On the last move, Alice must have moved
a pile of k candies to another pile of k candies. This implies that the total number of candies
must be even. However, there are initially an odd number of candies, so the answer is No .

To prove part (b), we proceed by induction. Let our inductive claim be that if Alice has 2n

candies, she can combine them all into one pile. Clearly, the base case n = 0 is true.

Assume the case n = k is true. When n = k+1, notice that there must be an even number of
odd piles (since the total number of candies is even). Pair them up, and for each pair, apply
the operation. If the two piles originally had p and q candies, where p and q are odd, note
that the new piles of p−q and 2q candies both have an even number of candies. Therefore,
we now only have piles with an even number of candies.

Group the 2k+1 candies into 2k candy-pairs, which can be done since each pile has an even
number of candies. Applying our inductive claim on the 2k candy-pairs finishes; Q.E.D.

10. Let n ≥ 3 be an integer. Rowan and Colin play a game on an n×n grid of squares, where
each square is colored either red or blue. Rowan is allowed to permute the rows of the grid,
and Colin is allowed to permute the columns of the grid. A grid coloring is orderly if:

• no matter how Rowan permutes the rows of the coloring, Colin can then permute the
columns to restore the original grid coloring; and

• no matter how Colin permutes the column of the coloring, Rowan can then permute
the rows to restore the original grid coloring;
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In terms of n, how many orderly colorings are there? (2024 USAJMO Problem 4)

Solution (Evan Chen): The answer is 2n!+ 2. In fact, we can describe all the orderly
colorings as follows:

• The all-blue coloring.

• The all-red coloring.

• Each of the n! colorings where every row/column has exactly one red cell.

• Each of the n! colorings where every row/column has exactly one blue cell.

These obviously work; we turn our attention to proving these are the only ones.

For the other direction, fix a orderly coloring A .

Consider any particular column C in A and let m denote the number of red cells that C has.
Any row permutation (say σ ) that Rowan chooses will transform C into some column σ(C),
and our assumption requires σ(C) has to appear somewhere in the original assignment A .

11. A group of 100 friends stands in a circle. Initially, one person has 2019 mangos, and no one
else has mangos. The friends split the mangos according to the following rules:

• sharing: to share, a friend passes two mangos to the left and one mango to the right.

• eating: the mangos must also be eaten and enjoyed. However, no friend wants to be
selfish and eat too many mangos. Every time a person eats a mango, they must also
pass another mango to the right.

A person may only share if they have at least three mangos, and they may only eat if they
have at least two mangos. The friends continue sharing and eating, until so many mangos
have been eaten that no one is able to share or eat anymore.

Show that there are exactly eight people stuck with mangos, which can no longer be shared
or eaten. (USAMTS 4/1/31)

Solution: Number the people in the circle 0 through 99, and let person i hold mi mangos.
WLOG, let person 0 have the 2019 mangos. The quantity

99

∑
i=0

2i ·mi

is invariant mod 2100 − 1: if person i shares, then person i− 1 gains 2 mangoes, person i
loses 3 mangos, and person i+ 1 gains 1 mango, where indices are taken cyclically. Note
that 2i−1 · (mi−1 +2)+2i · (mi −3)+2i+1 · (mi+1 +1) = 2i−1 ·mi−1 +2i ·mi +2i+1 ·mi+1. If
person i eats, person i loses 2 mangos and person i+1 gains 1 mango. Note that 2i · (mi −
2)2i+1 · (mi+1 +1) = 2i ·mi +2i+1 ·mi+1.

To finish, note that
99

∑
i=0

2i ·mi = 2019 at the start, and in the final state, mi is either 0 or 1.

Thus, mi are uniquely determined by the binary expansion of 2019 = 111111000112, so
mi = 1 for exactly 8 people; Q.E.D.

12. Alex writes the positive integers 1 through n on a whiteboard. Every minute, he replaces
the integers a, b, c, and a+b+ c with a+b, b+ c, and c+a. Prove that this process must
end after at most n

4 moves.

Solution: The key observation is that the sum of the numbers on the board, as well as the
sum of the squares of the numbers on the board, are both invariant. These numbers are
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equal to 1+2+ ...+n = n(n+1)
2 and 12 +22 + ...+n2 = n(n+1)(2n+1)

6 . Suppose that k moves
have been made, and the numbers on the board are a1, ..., an−k. By the Cauchy-Schwarz
Inequality,

(a2
1 +a2

2 + ...+a2
n−k)(1

2 +12 + ...+12)≥ (a1 +a2 + ...+a2
n−k)

2.

To finish,

n(n+1)(2n+1)
6

· (n− k)≥
(

n(n+1)
2

)2

n− k ≥ 3n(n+1)
2(2n+1)

k ≤ n− 3n(n+1)
2(2n+1)

≤ n− 3n(n+1)
2(2n+2)

=
n
4

Q.E.D.

13. On a board the following six vectors are written: (1,0,0), (−1,0,0), (0,1,0), (0,−1,0),
(0,0,1), (0,0,−1). Given two vectors v and w on the board, a move consists of erasing v
and w and replacing them with 1√

2
(v+w) and 1√

2
(v−w). After some number of moves, the

sum of the six vectors on the board is u. Find, with proof, the maximum possible length of
u. (2022 HMMT February Team #10)

Solution: 2
√

3 . One construction is the following:

(1,0,0),(−1,0,0)→ (
√

2,0,0),(0,0,0)→ (1,0,0),(1,0,0)

Similarly, convert (0,−1,0) to (0,1,0) and convert (0,0,−1) to (0,0,1). Thus, the magnitude
of u is equal to 2

√
3.

To prove 2
√

3 is the upper bound, let n = (x,y,z) be any unit vector. Then, ∑i(n · vi)
2 is

invariant:

(
n · 1√

2
(v+w)

)2

+

(
n · 1√

2
(v−w)

)2

=

(
n · v+n ·w√

2

)2

+

(
n · v−n ·w√

2

)2

=
2(n · v)2 +2(n ·w)2

2
= (n · v)2 +(n ·w)2

To finish, at the beginning, ∑i(n · vi)
2 = 2(x2 + y2 + z2) = 2, so S = 2. Cauchy-Schwarz

gives

n ·u = ∑
i

n · v ≤
√

∑
i
(n · vi)

2 ·
√

6 =
√

2 ·
√

6 = 2
√

3.

Q.E.D.
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14. On an n by n board, Bob shades n− 1 squares. Every second, Bob shades in all squares
adjacent to two shaded squares. Will the whole board ever be shaded?

Solution: Look at the total perimeter of the shaded squares. To begin, this perimeter is
at most 4(n− 1) = 4n− 4, and the perimeter of a shaded board is 4n. Note that shading
any square adjacent to two shaded squares cannot increase the perimeter, so it must be
non-decreasing. However, 4n−4 < 4n, so the answer is No .

15. To each vertex of a regular pentagon an integer is assigned, so that the sum of all five
numbers is positive. If three consecutive vertices are assigned the numbers x,y,z respectively,
and y < 0, then the following operation is allowed: x,y,z are replaced by x+ y,−y,z+ y
respectively. Such an operation is performed repeatedly as long as at least one of the five
numbers is negative. Determine whether this procedure necessarily comes to an end after a
finite number of steps. (IMO 1986 #3)

Solution: The procedure will always eventually come to a stop. Let the integers at the
vertices be x1, x2, ..., x5, in that order. Note that the operation replaces integers with integers,

and that
5

∑
i=1

xi is invariant. Since
5

∑
i=1

xi > 0 at the start, it is always positive. Now, consider

the quantity (taking indices mod 5)

5

∑
i=1

(xi+2 − xi)
2 .

The quantity is always nonnegative, since it is a sum of squares. Suppose we apply the
operation on x1, x2 < 0, x3 in (x1,x2,x3,x4,x5), getting (y1,y2,y3,y4,y5)= (x1 + x2,−x2,x2 + x3,x4,x5).
Then,

5

∑
i=1

(yi+2 − yi)
2

=(x3 − x1)
2 +(x4 + x2)

2 +(x5 − x3 − x2)
2 +(x4 − x1 − x2)

2 +(x5 + x2)
2

=2x2
1 +4x2

2 +2x2
3 +2x2

4 +2x2
5 +2x1x2 −2x1x3 −2x1x4 +2x2x3 −2x3x5

=
5

∑
i=1

(xi+2 − xi)
2 +2x2

5

∑
i=1

xi

<
5

∑
i=1

(xi+2 − xi)
2

Hence,
5

∑
i=1

(xi+2 − xi)
2 is a decreasing monovariant. But, it is bounded by 0, so the sequence

must eventually terminate; Q.E.D.

Conclusion
As the above paper illustrates, invariants are a powerful problem-solving tool that can be

leveraged to solve many mathematical olympiad problems. By reframing problems to be about
certain quantities, one can find the fascinating patterns that underlie different systems.
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THE LEGEND LIVES ON 500 YEARS LATER
From Nessebar to Milan – in Search of Ferrari’s Face

Lyubomir Lyubenov

Lyubomir Lyubenov is a Bulgarian mathematics teacher who
graduated from Plovdiv University in 1981. He has extensive
experience as a mathematics lecturer in both secondary schools
and universities, and he has also worked in the state administration
of the Bulgarian Ministry of Education. He is the publisher of
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tional mathematics tournaments: Friendship (1986–1993), Mathe-
matics Without Borders (since 2013), and the Lodovico Ferrari
Tournament (since 2021). As a student, he was a member of the
university track and field team, competing in the 100 m, 200 m,

and 400 m sprints.

Introduction
Italy gave humanity — in the words of Felix Klein — “the great art” of algebraic solutions of

cubic equations. In the 16th century, public contests in solving equations, known as mathematical
duels, were held there. Among the most prominent “duelists” were Scipione del Ferro, Niccolò
Tartaglia, Girolamo Cardano, and Lodovico Ferrari.

The famous duel between Ferrari and Tartaglia on 10 August 1548 in Milan (in the church of
Santa Maria del Giardino, demolished in the 19th century) is considered the culmination of this
era. Tradition holds that Ferrari was the winner. The crowd applauded, but the true victor was the
idea: the techniques for solving equations outlived both places and people.

Today, mathematical “duels” are no longer held in public squares but on the shore of the Black
Sea — in Nessebar. The city is one of the oldest in Bulgaria and is inscribed on the UNESCO
World Heritage List, which adds a special atmosphere to the tournament. Since 2021, Nessebar
has hosted the international tournament “Lodovico Ferrari” for five consecutive years. The first
edition, in 2021, was dedicated to the 500th anniversary of Lodovico Ferrari’s birth — the man
who gave the world the method for solving quartic equations.

The tournament is organized by the Mathematics Without Borders Foundation and the team
under my leadership, continuing the tradition of bringing together young talents from all over the
world for a true celebration of mathematics.

When I began preparing the article with the problems and results from the fifth tournament
(July 2025), I decided to look for an authentic portrait of Ferrari. Instead of an easy answer, a
real detective story was born — taking me through archives, libraries, and museums in Bologna,
Milan, Florence, the Vatican, and Mantua.
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What We Were Looking For

• An authentic portrait or engraving of Lodovico (Ludovico) Ferrari (1522–1565)

• Iconographic evidence of the location of the Ferrari–Tartaglia duel

• Printed and manuscript sources of the “cartelli” (1547–1548)

• Clues to the place of Ferrari’s funeral and burial

What We Found

1. There is no universally recognized authentic portrait of Ferrari. This was independently
confirmed by:

• The Historical Archive and Library of the University of Bologna

• The University of Pavia

• Museo Galileo (Florence)

• Biblioteca Apostolica Vaticana

Historical note: Unlike Cardano and Tartaglia, whose images have reached us, Ferrari
remains “faceless” in history.

2. The portrait widely circulated online as Ferrari’s is actually of Cardinal Alessandro Farnese.

3. We found three key pieces of evidence regarding the duel’s location:

• An engraving by Domenico Aspari (1790)

• The plan of the church (Raccolta Bianconi)

• A photograph of the church’s demolition in the late 19th century

4. The “cartelli” (duel announcements) were confirmed through the editions of Masotti (1974)
and Giordani (1876), as well as the manuscript frontispiece Contrasto. . .

5. Ferrari’s funeral in Bologna (1565) — the Archdiocesan Archive confirmed that at the time
only a few parishes kept a Liber mortuorum, so a record may not exist or may have survived
only locally.

Quotes and Notes for Accuracy

• Museo Galileo (Florence): “...the iconographic archive contains no discovered portrait/en-
graving of Lodovico Ferrari.”

• Biblioteca Apostolica Vaticana — Simona De Crescenzo: confirmation that the collections
were checked and that no images of Ferrari or the church have been found so far; reco-
mmendation to mention only the fact that the research was conducted, since new materials
may surface in the future.

• Archivio Generale Arcivescovile di Bologna — Dr. Simone Marchesani: clarified that
registers are preserved by parish, and in 1565 only a small part had started keeping a Liber
mortuorum.
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Sources and Contacts

(listed alphabetically, as required by scholarly standards)

• Archivio Generale Arcivescovile di Bologna — Simone Marchesani

• Archivio Storico Civico e Biblioteca Trivulziana (Milan)

• Archivio Storico Diocesano di Milano

• Biblioteca Apostolica Vaticana — Simona De Crescenzo

• Biblioteca Nazionale Braidense (Milan) — Matteo Vacchini

• Biblioteca Universitaria di Bologna — Stefania Filippi

• Museo del Risorgimento – Bologna — Otello Sangiorgi

• Museo Galileo (Florence) — Sabina Bernacchini

• Servizio Biblioteche, Università di Pavia — Gabriele Rossini

• Archivio storico, Alma Mater Studiorum – Università di Bologna — Pier Paolo Zannoni

Ferrari’s story continues to challenge us. Our team will continue searching for traces of his life
— including the specific parish where he was buried and any visual evidence that may still exist.
Students who wish to take part in the mathematical challenge in Nessebar can write to us at:
mwb_bg@mathematicalmail.com

REGULATIONS OF THE “LODOVICO FERRARI” TOURNAMENT
The “Lodovico Ferrari” Tournament is an international competition in solving arithmetic

puzzles and algebraic equations for students aged 7 to 19. Organizers: Mathematics Without
Borders Foundation and the team under the leadership of Lyubomir Lyubenov.

1. Stages

• Qualification

• Final Round

The final round is held in Nessebar — one of the oldest towns in Bulgaria and a UNESCO
World Heritage site.

2. Participants Students from Grade 1 to Grade 12 (or aged 8 to 19 in the year of the final).

3. Competition Format

• 5 problems with a short answer

• 2 problems requiring full solutions with justification Age Groups:

• Arithmetic puzzles: 8–9 yrs, 10–11 yrs, 12–13 yrs

• Algebraic equations: 14–15 yrs, 16–19 yrs

Time limit: up to 90 minutes.
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4. Scoring

• Short-answer problems:

– 2 pts – correct answer

– 1 pt – at least half of the correct answers, or correct + one wrong answer

– 0 pts – wrong or missing answer

• Full-solution problems:

– 4 pts – complete solution with justification and correct answer

– 2 pts – correct answer without justification

– 1 pt – partially correct solution

– 0 pts – all other cases

5. Ranking and Awards Competitors are ranked by their total score (sum of all seven problems).

• The top scorer in each age group receives a champion’s cup and certificate.

• Second and third places receive silver and bronze medals plus certificates.

• All finalists receive certificates.

• In case of a tie, the prize is shared.

6. Organization Travel and accommodation in Nessebar are arranged and financed by the
participants, parents, or schools.

On June 29, 2025, at “Lyuben Karavelov” Secondary School in Nessebar, within the framework
of the „Mathematics Without Borders” tournament, the final round of the “Lodovico Ferrari” com-
petition in solving arithmetic puzzles and algebraic equations was held for the fifth time. Students
from Bulgaria, Estonia, Kazakhstan, Kyrgyzstan, Romania, North Macedonia, Serbia, Turkey, the
Philippines, and Uzbekistan took part.

Here are the names of the winners:

• Matei Hanu (Romania, Bucharest, International School of Bucharest, grade 3)

• Martin Ivanov Binev (Bulgaria, Burgas, SU "Yordan Yovkov", grade 3)

• Mina Dabovic (Serbia, Belgrade, Mathematical Grammar School, grade 10)

• Miroslav Dimirtov Srebkov (Bulgaria, Burgas, PPMG "Akad.Nikola Obreshkov", grade 5)

• Nikol Maeva Dimitrova (Bulgaria, Stara Zagora, PPMG "Geo Milev", grade 6)

• Nikol Zdravkova Nikolova (Bulgaria, Plovdiv, MG "Akad. Kiril Popov", grade 8)

• Pavel Vladimirov Lozanov (Bulgaria, Ruse, OU Otets Paisii, grade 1)

• Pornillos, Lebron James (Philippines, Gen. Trias, Sunny Brooke Elementary School, grade
4)

• Preslav Ganev Ganev (Bulgaria, Stara Zagora, OU "Kiril Hristov", grade 7)

• Radoslav Svetoslavov Balkanski (Bulgaria, Stara Zagora, PPMG "Geo Milev", grade 11)

• Robin Haamer (Estonia, Tallinn, Gustav Adolf Grammar School, grade 12)
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• Sava Deyanov Troanski (Bulgaria, Pazardzhik, OU "Prof. Ivan Batakliev", grade 5)

• Sigrid Siinmaa (Estonia, Tallinn, Gustav Adolf Grammar School, grade 12)

• Valentin Nikolaev Stanchev (Bulgaria, Dimitrovgrad, PMG Ivan Vazov, grade 9)

• Velislav Teodorov Dzhelepov (Bulgaria, Plovdiv, High School of Mathematics “Acad.
Kiril Popov”, grade 11)

• Vladimir Valeriev Sabev (Bulgaria, Burgas, Luben Karavelov, grade 2)

• Kristiyan Svetlinov Krastanov (Bulgaria, Sofia, Sofia High School of Mathematics, grade
6)

• Kovacevic Aleksandra (Serbia, Pozega, grammar school "Sveti Sava", grade 12)

• Zoran Dimitrijevic (Serbia, Belgrade, Mathematical Grammar School, grade 10)

• Georgi Lenkov Mitev (Bulgaria, Stara Zagora, 5OU "Mityo Stanev", grade 3)

• Denis Nikolaev Sirakov (Bulgaria, Sliven, PPMG "Dobri Chintulov", grade 11)

• Anja Tesevic (Serbia, Belgrade, Mathematical Grammar School, grade 10)

• Georgi Plamenov Dimitrov (Bulgaria, Ruse, OU "Ivan Vazov", grade 4)

• Georgi Manov (Bulgaria, Sofia, 88 SU, grade 4)

• Daniel Vladimirov Kolovski (Bulgaria, Vratsa, PPMG "Akademik Ivan Tsenov", grade 6)

Here are the competition problems:

ARITHMETIC PUZZLES FOR 8- AND 9-YEAR-OLDS

Problem 1. A two-digit number with 2 as its units digit was added to another two-digit
number with 8 as its tens digit. The result was a three-digit number with 0 as its tens digit. Find
the sum of the digits of the two numbers being added.

Problem 2. The sum of the three-digit numbers SUN and SEA is 232. What is the maximum
possible value of the three-digit number USA? Identical letters must represent the same digits, and
different letters must represent different digits.

Problem 3. If F,O,T,B,A, and L are different one-digit numbers, and the sum: F +O+O+
T +B+A+L+L = 56. calculate the value of O+LL, where LL is a two-digit number formed by
repeating the digit L.

Problem 4. All numbers in the equations are two-digit numbers. What is the value of the two-
digit number CH? SU +NO = RB+EA = CH. Identical letters must represent the same digits,
and different letters must represent different digits.

Problem 5. From the number 19724953, delete some digits so that the remaining digits form
a strictly decreasing number (from left to right). What is the largest number you can obtain?

Problem 6. The difference between the two-digit numbers AB and CD, written using four
different digits, is 1. How many and which three-digit numbers can result from the sum of
these numbers AB and CD? Problem 7. How many two-digit numbers AB satisfy the following
conditions:
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• AB is divisible by the sum of its digits (A+B);

• the product AB is a two-digit number;

• Identical letters must represent the same digits, and different letters must represent different
digits.

ARITHMETIC PUZZLES FOR 10- AND 11-YEAR-OLDS

Problem 1. What is the largest even two-digit number that is divisible by its units digit?

Problem 2. Find the three-digit number abc, if a+b = 10 and b+ c = 18.

Problem 3. If F,O,T,B,A, and L are different one-digit numbers, and the sum: F +O+O+
T +B+A+L+L = 56. calculate the value of O+LL, where LL is a two-digit number formed by
repeating the digit L.

Problem 4. What is the maximum value of S×EA+S×UN. Identical letters must represent
the same digits, and different letters must represent different digits.

Problem 5. What is the smallest three-digit number SEA, such that it equals the sum of
the two-digit numbers NE, SS, EB and AR? Identical letters must represent the same digits, and
different letters must represent different digits.

Problem 6. Let a > b > c > d be four distinct integers. The different values of the differences
between each pair (where the larger number minus the smaller) are 2, 3, 4, 5, and 7. What is the
value of b− c?

Problem 7. How many three-digit even numbers have a digit sum equal to 22?

ARITHMETIC PUZZLES FOR 12- AND 13-YEAR-OLDS

Problem 1. What is the greatest three-digit number SEA, if

S×E ×A+S×U ×N = 20×25?

Identical letters must represent the same digits, and different letters must represent different digits.

Problem 2. Let a > b > c > d be four distinct integers. The different values of the differences
between each pair (where the larger number minus the smaller) are 3, 5, 6, 8, and 11. What is the
value of c−b?

Problem 3. Find the smallest number x such that x = a+ b+ c+ d = e+ f + g+ h, where
a,b,c,d,e, f ,g and h are distinct positive integers.

Problem 4. How many solutions does the puzzle have?
NN

SUN
= 0.16.

Identical letters must represent the same digits, and different letters must represent different
digits.

Problem 5. How many three-digit even numbers, written with even digits, have a digit sum
of 20?

Problem 6. Find the sum of all four-digit numbers whose digits add up to 5.
Problem 7. Arrange two digits 1, two digits 2, two digits 3, two digits 4, and two digits 5 so that:
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• there are exactly 2 digits between the two 1s,

• there are exactly 3 digitsi between the two 2s,

• there are exactly 4 digits between the two 3s,

• there are exactly 5 digits between the two 4s,

• there are exactly 6 digits between the two 5s,

• the resulting number is divisible by 5.

ALGEBRAIC EQUATIONS FOR 14- AND 15-YEAR-OLDS

Problem 1. Solve the equation in integers. xy = x+ y+6

Problem 2. Calculate the product of the coefficients a,b, and c if the roots of the equation
x3 +ax2 +bx+ c = 0 are the numbers 1, 2, and 3.

Problem 3. Write a quadratic equation with rational coefficients and leading coefficient 2, for
which 6−

√
7 is a root.

Problem 4. Solve the equation x4 −6x3 +13x2 −12x+4 = 0

Problem 5. Calculate the product of the real roots of the equation.

(x−1)2 +
√

(x2 −2x+1)−6 = 0.

Problem 6. Find the real roots of the equation

(x3 −6x2 +12x−8)4 = (4x2 −12x+9)6.

Problem 7. Find the real roots of the equation x2 −
√
(2− x) = 2.

ALGEBRAIC EQUATIONS FOR 16- TO 19-YEAR-OLDS

Problem 1. Calculate A+B+C+D+E, if

A+B = 7
B+C = 9
C+D = 11
D+E = 8

A+C+E = 10

Problem 2. How many real roots does the equation have?

(x9 −1)
(x5 −1)

=
(x5 −1)
(x3 −1)

Problem 3. Calculate the product of the real roots of the equation.

(x2 − x+1)(2x2 − x+2) = 6x2
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Problem 4. How many integers are solutions of the equation?√
(x+23−10

√
(x−2))+

√
(x+7−6

√
(x−2)) = 2.

Problem 5. What is the value of N if the number of non-negative integer solutions x1,x2,x3,x4
to the equation x1 + x2 + x3 + x4 = N is 84?

Problem 6. Find the real roots of the equation x9 +7x7 −8 = 0.

Problem 7. If a and b are the roots of the equation x2 −2x−1 = 0 and c and d are the roots
of the equation x2 −4x−3 = 0, calculate

(a2 −36)
(b+ c+d)

+
(b2 −36)
(c+d +a)

+
(c2 −36)
(d +a+b)

+
(d2 −36)
(a+b+ c)

.

Lyubomir Lyubenov
mwb_bg@mathematicalmail.com
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